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Abstrac t: Le t 2* =
2(N + A)

(N - 2+ B)
, N \ 3 be the lim iting Sobo lev exponent and 8 < RN open bounded set. It is show ed

tha t for f ( x ) I H - 1
B satisfy ing a su itable condition and f( x )X 0, the we ighed e lliptic problem:

- d iv( | x | B¨u ) = | x | Aup* - 1 + Ef ( x ), x I 8,

u > 0, x I 8,

u = 0, x I 58,

adm its two solutions u
-
and�u inH 1, p

0, B
(8 ). A lso u

-
\ 0 and �u\ 0 for f ( x )\ 0. No tice tha t, in genera,l th is is no t the

case iff ( x ) = 0.
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[摘要 ]  设 2* =
2(N + A)
N - 2 + B

, N \ 3, 是极限 Sobo lev指数, 8 < RN 是 RN中的开子集. 在 f ( x ) I H - 1
B满足合适的

条件且 f ( x ) X 0下, 讨论了一个带非齐次项和 Sobo lev-H ardy临界指数的含权的椭圆型问题:

- d iv ( | x | B¨u ) = | x | Aup* - 1 + Ef ( x ), x I 8,

u > 0, x I 8,

u = 0, x I 58 ,

存在两个解 u和 �u在 H 1, p
0, B(8 )中, 且有 u \ 0, �u \ 0对所有的 f ( x ) \ 0.值得注意的是, 当 f ( x ) = 0时一般不

成立.

[关键词 ]  p-阶拉普拉斯方程, 临界指数,最佳常数, Sobolev-H ardy不等式
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  B rezis andN irenberg in [ 1] proved that the sem ilinear e lliptic prob lem:

$u + u
N + 2
N - 2 + Ku = 0, x I 8,

u> 0, x I 8,

u= 0, x I 58,

has no nontrivia l so lut ion w hen K= 0 and 8 is a starshaped dom ain, and has a nontriv ial solution when KI ( 0,
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K1 ), where K1 is the f irst eigenvalue of the positive operator- $. C ao and Zhou in [ 2] proved that the fo llow ing

elliptic problem:

- $u = c1u
N + 2
N - 2 + f ( x, u ) + h, xI 8,

u> 0, xI 8,

u= 0, x I 58,

has a nontriv ial solution if f ( x, t) I (�%@ [ 0, + ] ) ) satisf ies

0[ f (x, t) [ c2 t
(N + 2) /(N - 2 )

+ Kt, Px I 8, t\ 0,

where KI [ 0, K1 ), and c2 > 0 is some constan.t

In this paper, w e consider the so lut ions for the fo llow ing w e ighed ellipt ic prob lem:

- d iv( |x |
B¨u ) = |x |

A
u

p* - 1
+ Ef (x ), x I 8,

u> 0, x I 8,

u= 0, x I 58,
( 1)

where E> 0, 8 is a bounded domain w ith smooth boundary in R
N
containing the orig in and the param eters B, R

satisfy p
* \ 2, N + A> 0,

N + A
p
* + 1=

N + B
2

and
B
2

\ A
p
* . p

*
=
2(N + A)

N - 2+ B
is the critica l exponent o f the embed-

dings fromH
1, p

0, B( 8 ) to L
p

(8 ) andH
1, p

0, B (8 ) is a standard Sobolev space; f ( x ) I H
- 1
B ( 8 ) is som e g iven funct ion

satisfy ing a su itable cond it ion andH
- 1
B ( 8 ) deno tes the dual space o fH

1, p

0, B (8 ).

Letp
*
> 2, f ( x ) satisfy ing |x |

- R /q
f (x ) I L

q / ( q- 1)
( 8 ), f ( x ) > 0, ex ists qI [ 2, p

*
).

R sat isfies

N + R > 0,
N + R

q
+ 1=

N + B
2

,
B
2

\ R
q

,

where

| | x |
-R /q

f (x ) | q
q- 1

= Q8 ( | x |
- R /q

f ( x ) )
q

q- 1

1-
1
q

.

Refer to [ 3] w e have

QRN
| x |

A
| u |

p*
1 /p*

[ S
- p*

2 QRN
| x |

B
| ¨u |

2
1 /2

, P u I H
1, p

0, B(R
N

),

then

S = in f
uI H 1, p

0, B
(RN ), uX 0

QRN
| x |

B
| ¨u |

2

QRN
| x |

A
| u |

p*
2 /p* ,

where S is the best Sobo lev constan.t

Let

f ( x ) I H
- 1
B ( 8 ),  f ( x ) \ 0,  f ( x ) X 0 in 8,

E0 =
1
2

1 -
1
2

p* - 2
p
*

2
S

p*

2

1

p* - 2

- S
- p*

2 | | x |
- R /q

f ( x ) | q/ ( q- 1) ,

where

Q8 ( | x |
- R /q

f ( x ) )
q- 1

q [ L
1

p* - 2 1

2
p
*

S
p*

2

1
p* - 2

( 1 - L)
1

2
S

p*

2 .

Theorem 1 Suppose tha tp
*
> p and - N < B[ 0. Then, for every function |x |

- R /q
f ( x ) I L

q /( q- 1)
( 8 )

and f (x ) \ 0, there ex ists a rea l number E0 > 0 such tha,t for every 0< E[ E0, problem ( 1) has at least two

positive solutions u
-
and �u inH

1, p

0, B( 8 ).

Throughout th is paper, letH
1, p

0, B ( 8 ) is the comp le tion ofC
]
0 ( 8 ) w ith respect to the norm + u+ . W e de-

note the norm o fu inH
1, p

0, B( 8 ) andL
p

(8 ) by + u+ = ( Q8 | x |
B

| ¨u |
2

)
1
2, +u +A, p* = ( Q8 | x |

A
| u |

p*

)
1

p*

)2)
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and | u |p = ( Q8 | u |
p
)
1 /p

respect ive ly.

Defin ition 1 A sequence { um } I H
1, p

0, B (8 ) is called a ( PS) C sequence, if I( um ) y c and Ic( um ) y 0.

1 M ultiple Solutions for Elliptic EquationW ith Critical Sobolev-H ardy Exponen t

  It is w ell known that the non triv ia l so lu tions of problem ( 1) are equivalent to the nonzero critica l po ints of

the energy functional

I ( u ) =
1

2 Q8 | x |
B

| ¨u |
2

-
1

p
* Q8 | x |

A
| u |

p*

- EQ8 f (x ) u,  Pu I H
1, p

0, B (8 ), ( 2)

which is w ell defined for the parameters in the prev iously spec ified intervals.

U sing the duality produc,t w e def ine aw eak so lut ion o f prob lem ( 1) as a crit ica l po int fo r the functional I,

there ex ists a function uI H
1, p

0, B (8 ) such that

Q8 | x |
B¨u¨< = Q8 | x |

A
u

p* - 1
< + EQ8 f ( x ) <,  P < I H

1, pc
0, B ( 8 ). ( 3)

Lemma 1 IfQ> 0 satisf ies

1

2
-

1

p
* S

-p*
2 Q

p* - 2
> 0,  0 < E < Q 1

2
-

1

p
* S

- p*

2 Q
p* - 2

- S
- p*
2 | | x |

- A/p*

f ( x ) |p* /( p* - 1 ) ,

then ex ists positive constants S, Q such that

I( u ) \ S > 0 fo r + u+ = Q, P u I H
1, p

0, B (8 ).

Proof By the Sobo lev-H ardy inequality w e know

Q8 | x |
A

| u |
p*

1

p* [ S
- p*

2 Q8 | x |
B

| ¨u |
2

1
2

,  P u I H
1, p

0, B( 8 ).

U sing Ho lder inequa lity and

Q8 f (x ) u = Q8 f ( x ) | x |
- R

q u | x |
R
q ,

we can deduce

Q8 f (x ) u [ Q8 | x |
R

| u |
q

1
q

Q8 ( | x |
- R /q

f (x ) )
q

q- 1

q
q- 1

[

S
- p*

2 Q8 | x |
B

| ¨u |
2

1
2

Q8 ( | x |
- R /q

f ( x ) )
q

q- 1

q- 1
q

.

It fo llow s from the assumpt ions that

I ( u) \ 1
2

-
1

p
* S

- p*
2 Q

p* - 2
Q
2

- Q8 ( | x |
-R /q

f (x ) )
q

q- 1

q- 1
q

S
-p*

2 =

Q
1

2
-

1

p
* S

-p*

2 Q
p* - 2

Q- Q8 ( | x |
- R /q

f ( x ) )
q

q- 1

q- 1
q

S
- p*

2 .

Thus

1

2
-

1

p
* S

- p*

2 Q
p* - 2

> 0,

we deduce

Q= L
1

p* - 2 1
2

p
*

S
p*
2

1
p* - 2

, ( 4)

where 0< L< 1. From ( 4) and

Q8 ( | x |
-R /q

f (x ) )
q

q- 1

q- 1
q

[ Q 1
2

-
1

p
* S

- p*
2 Q

p* - 2
S

p*

2 , ( 5)

we can conclude that

Q8 ( | x |
- R /q

f (x ) )
q

q- 1

q- 1
q

[ L
1

p* - 2
1

2
p
*

S
p*

2

1

p* - 2

( 1 - L)
1

2
S

p*

2 . ( 6)
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Lemma 2 LetEI (0, E0 ), then them in ima l problem in f{ I ( u ): + u+ [ Q0 } is atta ined atw eak so lut ion

u
-
w ith I ( u

-
) < 0, w hich satisfies + u

-
+ < Q0 =

p
*

2
S

p*

2

1

p* - 2

.

Proof F irstly w e prove that in f{ I ( u ): +u + [ Q0 } is a ttained. Let { um } be a m inim izing sequence.

Hence um is bounded inH
1, p

0, B( 8 ), there ex ist some u
-

I H
1, p

0, B( 8 ) w ith + u
-

+ [ Q0 such that

um _ u
-
inH

1, p

0, B( 8 ), um y u
-
a. e in 8.

For Q8 f (x ) um y Q8 f (x ) u
-
, refer to [ 4] w e have

I ( um ) = I( u
-

) +
1

2 Q8 | x |
B
( | üm |

2
- | ¨u

-
|
2
) -

1

p
* Q8 | x |

A
( | um |

p*

- | u
-

|
p*

) + o (1) \

I( u
-

) +
1

2
-

1

p
* S

- p*

2 + um - u
-

+ p* - 2 + um - u
-

+ 2
+ o ( 1) \

I( u
-

) +
1
2

-
1

p
* S

- p*
2 (Q0 )

p* - 2 + um - u
-

+ 2
+ o ( 1) \ I ( u

-
) + o (1).

IfQ0 =
p
*

2
S

p*

2

1

p* - 2

, I( um ) \ I ( u
-

) + o (1) , therefore u
-
considers in f{ I( u ) + u+ [ Q0 }.

By Lemm a 1, w e get

E <
1

2
-

1

p
* S

- p*
2 1

2
p
*

2
S

p*
2

1
p* - 2

p* - 2
p
*

2
S

p*

2

1
p* - 2

- S
-p*

2 | | x |
- R /q

f ( x ) | q( q- 1 ) =

1

2
1 -

1

2

p* - 2
p
*

2
S

p*

2

1

p* - 2

- S
-p*

2 | | x |
- R /q

f ( x ) | q/ ( q- 1) = E0.

Hencew e have I ( u) \ S> 0, P+ u+ = Q0, but I (0) = 0, so that

I ( u
-

) [ I ( 0) = 0

and + u
-

+ < Q0.

Let

# = { C( t ) I C
1
( [ 0, 1] ,H

1, p

0, B (8 ) ): C(0) = u
-
, C( 1) = e},

where eI H
1, p

0, B( 8 ) satisfies I ( e) < 0.

Letc = inf
CI #

sup
tI [ 0, 1]

I (C( t) ), by Lemma 1, when EI ( 0, E0 ), c> 0. ByM ounta in Pass Lemmaw ithout ( PS)

condition
[ 2]
, there is um I H

1, p

0, B (8 ), such that

I ( um ) y c,  Ic( um ) y 0. ( 7)

From abovew e easily prove that { um } is bounded inH
1, p

0, B( 8 ), by extracting subsequence, still denoted by

{ um }, then there is a �uI H
1, p

0, B( 8 ) such that

um _ �u inH
1, p

0, B (8 ), um y �u a. e in 8. ( 8)

By ( 7) w e know that�u sat isfies ( 1) .

Lemma 3 Ifc < I ( u
-

) +
1

2
-

1

p
* S

p* /( p* - 2 )
, then �uX u

-
.

Proof We prove by contradiction. Suppose that�u = u
-
. Then w e have

c + o( 1) = I( um ) = I ( u
-

) +
1

2 Q8 | x |
B

( | ¨um |
2

- | ü
-

|
2
) -

1

p
* Q8 | x |

A
( | um |

p*

- | u
-

|
p*

) + o( 1),

( 9)

o( 1) = 3Ic( um ), um 4 = Q8 | x |
B

| ¨um |
2

- Q8 | x |
A

| um |
p*

- Q8 f (x ) um =

Q8 | x |
B

| ¨u
-

|
2

- Q8 | x |
A

| u
-

|
p*

- Q8 f ( x ) u
-

+

Q8 | x |
B
( | ¨um |

2
- | ¨u

-
|
2

) - Q8 | x |
A

( | um |
p*

- | u
-

|
p*

) + o (1) =

)4)

南京师大学报 (自然科学版 )                              第 31卷第 4期 ( 2008年 )



Q8 | x |
B
( | ¨um |

2
- | ¨u |

2
) - Q8 | x |

A
( | um |

p*

- | u |
p*

) + o (1). ( 10)

If there ex ists a subsequence ( still denoted by um ) , such that

Q8 | x |
B
( | ¨um |

2
- | ¨u

-
|
2
) y k \ 0,

from ( 10) w e obta in

Q8 | x |
A

( | um |
p*

- | u
-

|
p*

) y k.

On the other hand, by Sobo lev-Hardy inequality, w e have

Q8 | x |
B
( | ¨um |

2
- | ¨u

-
|
2

) \ S Q8 | x |
A

( | um |
p*

- | u
-

|
p*

)

2

p*

,

settingm y ] , w e have k\Sk
2

p* , so that k= 0 or k\S
p* /( p* - 2)

.

Lett ing k= 0, w e get thatum y u
-
strong ly inH

1, p

0, B ( 8 ), wh ich g ives that

c+ o (1) = I( um ) y I ( u) [ 0,

th is is in contrad iction w ith c> 0. So that k\S
p* /( p* - 2)

. By ( 9) and ( 10) , w e have

c + o( 1) = I( u
-

) +
1

2
-

1

p
* Q8 | x |

B
( | ¨um |

2
- | ¨u

-
|
2
) + o( 1) \

I ( u
-

) +
1

2
-

1

p
* S

p* / (p* - 2)
+ o( 1).

Th is is a contradiction.

Lemma 4
[ 5]
(Calculus Lemma)  For every 1[ p [ 3, there ex ists a constant c ( depend ing on p ) such

that for A, BI R, w e have

| | A+ B |
p

- | A |
p

- | B |
p

- pAB( | A |
p- 2

+ | B |
p- 2

) | [ c | A | | B |
p- 1

, | A | \ | B |,

c | B | | A |
p- 1

, | A | [ | B |.

For p\ 3, there ex ists a constan t c ( depend ing on p ) such that for A, BI R, w e have

| | A+ B |
p

- | A |
p

- | B |
p

- pAB( | A |
p- 2

+ | B |
p- 2

) | [ c( | B |
2

| A |
p- 2

+ | A |
2

| B |
p- 2

).

From th is inequality, w e can actua lly deduce the follow ing more convenient result fo r any p\1:

| | A+ B |
p

- | A |
p

- | B |
p

- pAB( | A |
p- 2

+ | B |
p- 2

) | [ 2c( | A |
p- 1

| B | + | A | | B |
p- 1

).

2 P roof o f Theorem 1

It is sufficient to prove:

c< I ( u
-

) +
1
2
- 1

p
* S

p* /( p* - 2)
+ o ( 1).

Let < be a cu-t off funct ion in C
]
0 ( 8 ) defined as

< ( x ) =
1, ifx I BE ( 0),

0, if x I B2E( 0),

and |¨< | < 2
E

, BE (0) is a small ba ll centered at the orig in w ith radius E.

Set

uE (x ) = < ( x ) UE (x ),

where

UE =
cE

( E+ |x |
A- B+ 2

)
N + B- 2
A- B+ 2

,  E> 0.

And define

vE (x ) =
uE( x )

Q8 |x |
A
|uE (x ) |

p*
1

p*

.

)5)
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By the equation ( 3) w e have

Q8 | x |
B

| ü
-

| ¨vE = Q8 | x |
A

| u
-

|
p* - 2

u
-

vE + Q8 f (x ) vE.

Therefore

I ( u
-

+ tvE) = I ( u
-

) +
t
2

2 Q8 | x |
B

| ¨vE |
2

-
t
p*

p
* Q8 | x |

A
| vE |

p*

-

1

p
* Q8 | x |

A
( | u

-
+ tvE |

p*

- u
-

p*

- | tvE |
p*

- p
*

tu
-

p* - 1
vE).

By simp le calcu la tion w e obta in

Q8 | x |
B

| ¨uE |
2

= QRN
| x |

B
| ÜE |

2
+ O ( 1) = E

- (2-N- B)
A- B+ 2 QRN

| x |
B

| Ü 1 |
2

+ O (1),

Q8 | x |
A

| ¨uE |
p*

= QRN
| x |

A
| UE |

p*

+ O (1) = E
- (N+ A)
A- B+ 2 QRN

| x |
A

| U1 |
p*

+ O ( 1),

Q8 | x |
A

| uE |
q

= E
A- (N + B- 2) q+N

A- B+ 2 QRN
| x |

A
| U1 |

q
+ O ( 1),

Q8 | x |
B

| ¨vE |
2

=
QRN

| x |
B

| Ü1 |
2

+ O E
N+ B- 2
A- B+ 2

QRN
| x |

A
| U1 |

p*

+ O E
N +A
A- B+ 2

2/p*
= S + O E

N+ B- 2
A- B+ 2 ,

Q8 | x |
A

| vE |
p*

= 1,

Q8 | x |
A

| vE |
q

= k1E
A- (N+ B- 2) q /2+N

A- B+ 2 ,

where k1 \k> 0, k is a constan .t

For tE\0, max
t\ 0

I( u
-
+ tvE) is attained, w e easily verify that tE\ t0 > 0. Let tE> 0, such that

m ax
t\0

I( u
-
+ tvE) = I( u

-
+ tEvE ),

so that

m ax
t\0

I ( u
-

+ tvE ) = I( u
-

) +
t
2
E

2
S -

1

p
* t

p*

E + O E
N + B- 2
A- B+ 2 - Q8 | x |

A
u
-

( tEvE)
p* - 1

-

1

p
* Q8 | x |

A
[ | u

-
+ tEvE |

p*

- u
-

p*

- ( tEvE)
p*

] + Q8 [ u
-

p* - 1
( tEvE ) + u

-
( tEvE)

p* - 1
]. ( 11)

Because u
-

\S, for xI B E, and u
-
is bounded in 8, so

Q8 | x |
A
u
-

| uE |
p* -1 \ SQRN

| x |
A

| UE |
p* - 1

+ O (1) =

SE
A- (N+ B- 2) (p* - 1)+ N

A- B+ 2 QRN
| x |

A
| U1 |

p* - 1
+ O (1), ( 12)

and thus

Q8 | x |
A
u
-

v
p* - 1
E \ SkcE(A- (N + B- 2)

p* - 1
2

+N ) / (A- B+ 2 )
. ( 13)

Let

IE = Q8 | x |
A

[ | u
-

+ tEvE |
p*

- u
-

p*

- ( tEvE )
p*

- p
*

u
-

p* - 1
( tEvE) - p

*
u
-

( tEvE )
p* -1

],

we argue in two casesp
*
> 3 and 2< p

*
[ 3. U sing the hypotheses of Lemma 4when p

*
> 3, by

| (1+ a )
p*

- 1- a
p*

- p
*

a - p
*

a
p* - 1

| [ ca
2
,  P |a | [ 1,

we have

| IE | [ c Q{ u
-

> tEvE}
| x |

A
u
-

p* - 2
( tEvE )

2
+ c Q{ u

-
[ tEvE}

| x |
A
u
-

2
( tEvE)

p* - 2 [

c Q8 | x |
A
v
2
E + c Q8 | x |

A
u
-

1+C
( tEvE )

p* - 1- C [

)6)

南京师大学报 (自然科学版 )                              第 31卷第 4期 ( 2008年 )



c Q8 | x |
A
v
2
E + c Q8 | x |

A
v
p* - 1- C
E (0 < C< 1).

S incep
*
- 1> 2, w e have

| IE | = o E
(A- (N + B- 2)

p* - 1
2

+N ) /(A- B+ 2) . ( 14)

W hen 2< p
* [ 3, by

| | 1+ a |
p*

- 1- a
p*

- p
*

a - p
*

a
p* - 1

|[ c |a
2
|[ c |a |

p* - 1
, P |a |[ 1,

we have

| IE | [ c Q{ u
-

> tEvE}
| x |

A
u
-

| tEvE |
p* - 1

+ c Q{ u
-

[ tEvE}
| x |

A
u
-

p* - 1
( tEvE ) [

c Q{ u
-

> t
E
v
E
}

| x |
A

u
-

1+ C
| tEvE |

p* - 1- C
+ c Q{ u

-
[ t

E
v
E
}

| x |
A
u
-

1+C
( tEvE )

p* - 1- C [

c Q8 | x |
A
v

p* - 1- C
= o E

( A- (N +B- 2)
p* - 1

2
+N ) /(A- B+ 2)

, ( 15)

where 0< C< 1. Comb in ing ( 11) ~ ( 15) w e have

m ax
t\0

I( u
-

+ tvE ) [ I( u
-

) +
t
2
E

2
S -

1

p
* t

p*

E - t
p* - 1
0 SckcE(A- (N + B- 2)

p* - 1
2

+N ) / (A- B+ 2 )
+

o E
(A- (N + B- 2)

p* - 1
2

+N ) / (A- B+ 2 ) + O ( E
(A+ B-2 ) /(A- B+ 2)

). ( 16)

Because

t
2
E

2
S -

1

p
* t

p*

E [ m ax
t\0

t
2

2
S -

1

p
* t

p*

=
1

2
-

1

p
* S

p* /( p* - 2)
,

by ( 16), fo r E> 0 sufficiently smal,l w e have

max
t\0

I ( u
-
+ tvE ) <

1
2
-

1

p
* S

p* / (p* - 2)
+ I ( u

-
).

Th is comp letes the proo f of Theorem 1.

3 Conclusions

In th is work w e present the multip le so lut ions for elliptic equat ion w ith critica l Sobo lev- H ardy exponen,t

then w e estab lish some resu lts of lemmas using Sobo lev Hardy inequality andM ounta in Pass Lemm a w ithout the

Pala is- Smale condit ion w hich are needed for the proo f of theTheorem 1, and then w e f ind the prob lem ( 1) has

at least two positive solutions u
-
and �u inH

1, p

0, B( 8 ).
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