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stract Let2 =———— N 2 3 be the Im itihg Sobokv exponent an " open bounded set It is show
Abstract Let? UZV(N;“é)NM} the 1 Schoky exp d QC R' open bounded set It is show ed

that for f(x )€ Hy ' satisfying a siitable conditbn and f(x )7 Q the weighed elliptic problan:

—dw(lx 1P w) = T 1% '+ &f(x), x€ Q
u> Q xr€ Q
u=0Q x € 09
adm its wo solutbnsu andu nH !} (Q). Also 120 andu20 forf(x ) 20 Notice that i general this is not the
case iff(x )= 0
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Sobolev-Hardy
BEZXED, RK, '
(1 N 510640)
(2 . )
[ ] 2 = ]%%N >3 Soboley ,QCc R R . f(x) EHY
f(x)Z 0 , SobolevH ardy
—div(la 1) =12 1% '+ gf(x), x€ Q
w> 0 x€ Q
u= 0 x € 09,
woou Hyh(Q) w2 Q u>0 f(x) 20 . flx)=0
[ 1 p- s s , SobolevH ardy

Brezis and N irenberg in [ 1] proved that the sen ilinear ellptic prob len:

N+2

A+ w2+ =0 x€Q
u> Q x€ Q
u=Q x€ 0Q

has no nontrivial solitbn when A= 0 and Q is a starshaped dam ain and has a nontrwial solution when AE (Q
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A1), where A is the first eigenvalue of the positive operator— A Cao and Zhou n [ 2] proved that he Dllow ng

elliptic poblem:

N+2

- Mu=qu 2+ f(x u)+h x€ Q
u> 0 <€ Q

u=(Q x€ 0Q
has a nontrivial solution iff(x t)€ (EX[Q + 0 )) satisfes

0SS (n 1) el 7 4 M V€ Q 120
where A€ [Q A ), and &> 0 is sane constant

In this paper we consider he soltons for the folbwing wehed ellptic prob lax
—di( kel u)= k' " g(x), 2€Q

u> 0 x€Q (1

u=Q x€ 0Q

where €> () Q is a bounded danain w ith smooth boundary n R’ containing the origin and he paran eters B 0

atish >2N+a>QN+a 1:N+Ban B>a *_2(N+a).

5 5 = N_2:8 B the critical exponent of he embed-
p P -

dngs fmnH(LjIé(Q) ol (Q) andH(]iﬁ(Q) is a standard Sobolev space f(x)EHﬁ_l(Q) Is sam e gven functon

satisfying a suitable conditbn andHps ' (Q) denotes the dual space ofH o5 (Q).
Letp > 2 f(x) satisfying v |7 "f(x )JELY"V(Q), f(x)>Q exiss g€ [2p ).

0 satisfies

B

B

N + 0>QN;0+1:N

|+
Nl'@
¢
= |a

w here

—0 /4 0/ <
a1 "f(x) lﬁi:{gyhﬂ /lf(x))q-l
Refer to [ 3] we have

1p* s ] 12
[Jlxl |u|”] <52[J|x|ﬁ|-"ulﬂ . Vu€H (R,

JI xl’
S = nf
uEI]l!(R’\) uZ 0 # 20
L 1% 1wl

where S is the best Sobolev constant

then

Let
f(x)€EH'(Q), flx) 20 f(x)Z0inQ
& = _é[ 1= [_é] p _j [LZS%} - S:l?_ o |7U/qf(x) Loscg-1s
w here

» I e
o) < Ly T o s

Theoren 1 Suppose thatp >p and =N < BKQ Then for every function lx | U/qf(x)e Ly (Q)

and f(x ) >Q there exists a real number &> 0 such that for every O< e< &, problem (1) has at least wo

positive solutions u and u 'nHé[Ez(Q).
Throughout this paper letH o5 (Q) is the canpkton of Cy (Q) with respect to the nom |l w |l

note he nom ofu inHéIEs(Q) andL” (Q) by Il ull = (QJ‘lxlﬁl.".ulz)_;, Hully o = (QJ‘I
J— 2_

. We de-

s 1
a p* =
xl lul” )@
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and lu |, = ( J.I wl” )" respectively
Definition 1 A sequence {u, }EHLP (Q) is called a (PS)¢ sequence if](u,,l)_’ ¢ and I,(um)_) Q

1 Multiple Solutions for Elliptic Equation W ith Critical Sobolev-H ardy E xponent

It iswell known that the nontrivial solitons of poblen (1) are equivalent to the nonzew critical points of

the energy functional

I(u :—Jlxl

which iswell defned for he parameters in the previously specified ntervals

" eJ(W, Vu € Hob(Q), (2)

Using the duality pooduct we defne aweak solitbn of probkm (1) as a critical point for the finctional [
there exists a finction uEHéE (Q) such that

Jlxl S usd = jlxlap_ P+ 8J(x)¢ V¢EHO (Q) (3)
Leanma 1 IfP> O satisfies

L_Lemp 250 0<ec F{—l_ .—}Sﬂ’z—g*-z] — ST U fx) e s o1
2 p 2 p
hen exgls positive constants T P such hat

Hu) 2T> 0frllull = QVu€HE(Q).
Proof By the SobokvH ady inequalitywe know

[J]m ] [J-le .-"uﬂ_{ Vu€Hih(Q)

Usng Holer nequality and
‘ J(x)u = J(x) lx 17w lx 17,

‘ J(x)u [ J|x| |u|%7i[ }I = ))q];ﬁ
SJZ_[ Sé.[lx lB | @_;[ éz,flx I_O/qf x))q_q_] qu

It bllows fum the assunptons that
el
I(w) { ST } [ e 7 s -

1 12 o 7“7‘-4;—
KE—Z-st O} [J:lxl f())z] S

we can deduce

N

Thus

we deduce
1 R e
P= W —2[—;]) sz] , (4)

where 0< B< 1 Fram (4) and

[ fl 17 f ))/] ! K{—é—p*ls’izi[f_}s%, (5)

= 1 R .
[Jm I_U/qf(x))q_{ﬂ ' <u*_4[—;p sz] (1- u)—;sz. (6)

we can conclude that



( ) 31 4 (2008 )

Lenma 2 Let €€ (Q &), then themninal problan inff//(u): Il ull < Q) is attaned atweak sohton

1
-2

uwith I(u) <0, which satisfies I y“ < poz[%s%} .

Proof Fistlwe prove that nffI(u): llull < Q) is attained Let {u, } be amini izing sequence
Hence u, is bounded inHé'fﬁ(Q), there exist same yeHé’B(Q) with |l y|| <@ such that

unlAythélé(Q),umaiuaeinQ

For 9Jt(x)um—> J(x)y, refer to [ 4] we have
I(u, ) = I(y)+—;J| 21w, =1 T l?) -TlJm (w17 =1 ul” )+ 0(1) 2

](u)+[
1 =

I(u)+[—é s ) ]”um—uH +o(1) Z1(u)+ o(1).

—ull” 7 M - wll >+ o(1) 2

N|~

P

IfP = [LZS%] ' 2, I(uw, ) >[(EL)+ o(l), thereforeu consders nff I(u) lull < @)

By Lenma l we get

1

£ _9) * A= ¥
(AT YA v

P * o ?_17 i o
_;[ 1_[_;] ][LS]T}I ST U () Ly = &

Hencewe have (1) 2T>Q V llull = @, butZ/(0)=Q so that
I(w) S1(0) = 0

and || Z_L“ < Q.
Let
Co= (¥(1) € C([Q 1 Hai(2)): ¥(0) = u ¥(1) =
w here eEHélé(Q) satisfies I (e) < Q
Letc = Y.gllfﬁs[lolfl)][(Y(t) ), by Lenmal, when €€ (Q &), ¢> Q ByMountain Pass Lenmaw ithout ( PS)
condition[z], there is EH(]iIé (Q), such that
)™ ¢ I'(w)” 0 (7)

Fran abovewe easily prove that {u, / is bounded hH(LjIé(Q), by extractng subsequence still denoted by
{u, }, then there is au€Hg%( Q) such hat

U —u nHH(Q), s waeinQ (8)
By (7) we know thatu satisfies ( 1).
Lenma 3 Ifc < I(u) + ; p—l]sf 0 hen uZ
Proof We prove by contradiction. Suppose thatu=u. Then we have
c+o(l)= I(u,) = I(u)+— J.le (1w, 17=1. ﬁx " (lw 17 =Tul” )+ o(1),
(9)

o(1) = I'(u )y un ) = I|x|ﬁ|.--'u ﬁm | u, | J(x)umz
Jlxl Jlxl Iulp - J(x)z_;+

Jm 0w 17— .--'y|2)_ Jm (w17 =Tul” )+ o(1) =
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Jm AT S R Jm " (Tun 7 =1 ul” )+ o(1). (10)
If there exists a subsequence ( still denoted by u, ), such that
Qﬁ 2w P w 1)) T k20
fran (10) we obtain
J|x|°(| R L A A
On the other hand by SobolevHardy nequality we have 2

J|x |ﬁ(| g 17— "..ELIZ) >S[ Qj‘lx la(l Un - lu i )]P*’

> 2 © A -
setthgm 00, we have k 2 Sk , so thatk=0 ork28 " Y,
Lettng k= Q we get thatu, u stongly mHé)ﬁ (Q), which gies that
cto(l)=Iu)” I(u)<Q

his is i contradiction with ¢> Q So thatk =S " =7, By (9) and (10), we have

e+ o(1) = I(u) [—1_3
+ L s .

I(u) + [—1 - —1] ST L o),
- 2 p

J| 20w, P = u ) 4 0(1) 2

This is a contradiction

Lanma 4 (Caleulus Lanma) For every 1Sp< 3 there exists a constant ¢( depending onp) such
hat forq BE R we have

p-1 >
Ha+ B —1al”=1BF-paB(lal+1B1"?) |<{C' allBrm,  Tal21bl
cl Bllal”™, lal<IBIL
Forp>3, there exists a constantc( depend ng on p) such that for ¢ BE R, we have
Ha+ B —1all =1BV —paB(lal+1BI?)1<e(IBP1al +lal’lBI"?)

Fran this nequality we can actually deduce the follow ng more convenient result br any p >1

Ha+ Bl —1al’= 1B/ =paB(lal+1B1" ) 1< 2%(lal” I Bl+lall BI"").

2 PwofofTheoran 1

It is sufficient to prove

e< I(u)+[—1—.—3] ST o 1),
a 2
Let® be a cutoff finctbn n Cy ( Q) defned as
,  ifx€B:(0),

$(x)= Q0 ifx€Bx(0),

and ¢ l< %, B¢ (0) isa smallball centered at the orginw ith radus &

Set
ue (x )= P(x) Ue (x ),
w here
Ce
Ue = a- By 2 MrB-2 e> 0
(€+ Ix | Ja-2
And define
e (x ue(x)

)z[IQ ol e () 1) 7
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By the equation ( 3) we have

- a pr=2 N
Jlxl e = Qﬁxl Il uve + J(x)vg.

>
I(u+ tve) = I(_u)+L29j|x|B

Therefore

a « * * % o
(|u+ We |P —lLP —le |17 —p tup 'Ug).

By sinple calcu btonwe obtan

J|x|ﬁ|.--'ug|2: Jlxlﬁ U+ 0(1) = €00 Jlxl SU +0(1),
Jlx|°‘|.--'u€ "= J|x|“ | Ue I +0(1) = s*fi‘J|x| LU 1" +0(1),
Qﬁx|“|u€ " = ”J|x|“|U1 "+ 0(1),

’ Jlxl G +0(eh&]]
ﬁm“lvsv’* =1

a—(N+ B-2)g/24N
§ g 1“ Toe I" = kg o2

= S+0(éﬁfg‘:;j’

where k 2k> Q k isa constant
For t 2Q max [(u+ we) is attained we easily verify that z 25> 0 Lette>Q such that
H>gx[(y+ we)=1(u+ teve ),
so that

tZ

2
1; # N+ a * _
maxI(u+ we) = I(u) + —;s-—3 £ ool &5 - Jlx "uteve) ' -
[ : ; :

p* 1

[ 7LLP* - (te’vs)[’* I+ Q}y' _l(tsU£)+ ,u(t€1}€)p*_ I (11)

Because u >’E for x€ B, and u is bounded in Q, so

Jmﬁyms P >TJ|x|° LU 1" "+ 0(1) =

‘\“m“|x|°‘|U1 "t o(1), (12)

and thus

(J.l . Ium)p; >l (V+ B2 ]+N)/(a—fi|-2)‘ (13)
Let

-1

I

we aigue n two casesp* > 3 and 2< p* <3 Using the hypotheses of Lemma 4Whenp* >3 by
|(1+a)['*—l—ap* -p a-p d 1<ed, ¥V laI<1

Jm “[ut ve 1 =l = (teve) =p o (teve) = p ul(teve)

we have

2 't —
|18|<c.|. lx 1" (tgvg)+cL Lo 1"’ (kve)
(> teve) (WS tevg/ -

jlxlvg+cﬁx|a“(tgvg)ptl?y<
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ch "0 + chx e T 0< Y < 1)
S'ncep* - 1> 2 we have
| Ie | = ({8(0—(N+B—2)%+N)/(u—f5+2a. (14)

When 2<p K3 by
Hi+al - 1-d -p a-p d "ILcld ISclal T, YV 1aI<],

we have

a p* — 1 a pf -1
IIgI<cj Lo 1%u | kve I +cL Lo 190 (fewe ) S
(> tevg) - { tevgf -

a I+ y * - =Y a 1+vy *—l-Y
CJ. Lo 17w’ | teve I +cJ.< Lo "u (tewe ) <
{ >l€v€} { Lgvgj -

a g oy — (V+B-2)E =L N ) /(a- Be 2
Cgﬁxlvp :{8(0(1+ )= )/(a +U’ (15)

where O< ¥< 1 Canbning ( 11) ~ ( 15) we have

2
k 1 5 ) - — (N4 B- 222N ) /(o B
max [(u+ we) S I(u)+ —S——f - b~ T

2
0( 8((1—(1\"+5—2)”*—271+N)/(r1—5+23 + 0(8(a+ﬁ_2)/(a-ﬂ+2) ) (16)
Because
2 2
L 1 - [ 1 » 1 1| o /-2
LsoLi gl Ls- Ly o[ 2o g
2 p © 2 p ] [2 P] ,

by (16), br &> 0 sufficiently snall we have
1 1| »* 70" -2
ax [ (u+ e )<| = -— 5 +1(u).
%0 - { 2 p] -

This comp letes the proof of Theorem 1

3 Conclusions

In thi work we present the multple solitbns for elliptic equaton w ith critical Sobolev—H ardy exponent
then we estab lish sime resulis of lenmas using Sobolev Hardy nequality and M ountan Pass Lemm a w ithout the
Palas— Smale conditbnwhich are needed for the proof of the Theorem 1, and thenwe find the problem (1) has

o . -
at least o positive solutionsu and u nH % ( Q).
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