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Abstrac t: Le tp be an odd pr im e and k be an integ erw ith 1[ k[ p (1- 1 / log log p ). L et lk ( p ) be the sma llest integer l\ 1

such tha t fo r every integer K the cong ruence ( n1! ) k + , + ( n l! ) kS K(mod p ) has a so lution in positiv e integers n1,

,, n
l
. It is proved tha t l

k
( p ) = O ( ( log p ) 3 log log p# k( 1+ 1/ lo g lo gp ) ).
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[摘要 ]  研究了模 p的序列 ( n1! ) k + , + ( nl! ) k S K (m od p ) , 其中 p 是奇素数, k 是正整数且 1[ k [

p ( 1- 1 / log log p ) . lk ( p )表示最小的正整数使得对任意的整数 K, 上述序列均有正整数解. 证明了 lk ( p ) = O ( ( log

p ) 3 log log p# k (1+ 1 / log log p ) ).

[关键词 ]  阶乘, 指数和,序列

 R eceived date: 2008-01-12.

Foundation item: Supported by the NationalNatu ral Scien ce Foundation ofC h ina( 10801075) , Natu ral Science Foundation of J iangsuH igher Edu-

cat ion In stitut ion s of Ch ina( 08K JB11007 ) and Science Foundat ion of Nan jing N orm alUn ivers ity( 2006101XGQ0128 ) .

Corresponding autho r: DaiL ix ia, doctor, lectu rer, m a jored in num ber th eory. E-m ai:l lilid ain jnu@ 163. com

  Throughout th is paper, p is an odd prime. In [ 1], it is conjectured that aboutp /e of the residue classes a

(mod p ) arem issed by the sequence n! . If th is w ere so, the sequence n! modu lop should assum e about (1-

1 / e) p dist inct va lues. Some resu lts of this sp irit have appeared in [ 2]. The above con jecture imm ediate ly im-

plies that every residue class a modu lo p can be represented as a product o f atmost two factoria ls. U nfortunate ly

th is con jecture appears to be very hard.

S tudy ing the congruences w ith factoria ls is very interesting but a lso very complex. V arious additive andmu-l

t ip licative congruences w ith factoria ls have been considered in [ 3- 6] and [ 7- 10].

In particu lar, it has been shown in [ 10] that any residue c lass Kmodu lo p can be represen ted in the form

n1! + ,+ n l! S K(mod p ) w ith l (p ) = O ( ( log p )
3
log log p ). This result is ex tended in th is paper, that is,

Theorem 1 Letk be an integerw ith 1[ k [ p
( 1- 1 / log logp )

. Let lk (p ) be the sm allest integer l\ 1 such that

for every integer K the congruence

( n1! )
k
+ ,+ ( nl! )

k S K(mod p )

has a so lution in positive integers n1, ,, nl. Then w e have

lk (p ) = O ( ( log p )
3
log log p# k

( 1+ 1 / log log p )
).

1 Two Lemmas

W e denote by Jl (N, k ) the number of solutions to the congruence
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E
l

i= 1
( n i! )

k S E
2l

i= l+ 1
( ni! )

k  (mod p ), ( 1)

where

1[ n1, ,, n2l [ N, k<N.

LetFp be a fin ite fie ld ofp e lements. W e alw ays assum e thatF p is represented by the elements of the set {0, 1,

,, p- 1}. W e also def ine

ep ( z ) = exp( 2Piz /p ),

which is an add itive character ofFp .

It is very usefu l to reca ll the iden tities

E
p- 1

a = 0

ep ( au ) S 0, ifu ¢ 0 (mod p ),

p, ifu S 0 (mod p ),
( 2)

which w e w ill repeatedly use, in part icular to relate the number o f solutions of various congruences and exponen-

t ial sums.

F irstly w e g ive several lemmas.

Lemma 1 For any posit ive integers l, k, N w ith 1[ k[ p
( 1- 1 /log log p )

, l< N < p and k< N, w e have

Jl (N, k )n l
2
N

2l- 1+ 1 /( l+ 1)
k

l/ ( l+ 1)
.

Proof Let us define exponential sum

Sa (N, k ) = E
N

n = 1

ep ( a ( n! )
k
).

The ident ity ( 2) imp lies that

J l (N, k ) =
1

p E
p- 1

a= 0
| Sa (N, k ) |

2l
.

Set

K =
kN

l

l!

1 / ( l+ 1)

.

Applying theH Ê lder inequality, w e derive

| Sa (N, k ) |
2l

= E
K

t= 1
E

( t- 1)NK- 1<m [ tNK - 1

ep ( a (m! )
k
)

2l
[ K

2l- 1 E
K

t= 1
E

( t- 1)NK - 1< m [ tNK - 1

ep ( a(m! )
k
)

2l
.

Hence

J l (N, k ) [ K
2l- 1

G l (K, N, k ),

where G l (K, N, k ) is the number o f so lut ions of the cong ruence

E
l

i= 1
(m i! )

k S E
2l

i= l+ 1
(m i! )

k
(mod p ), 1 [ m 1, ,, m 2l [ N, ( 3)

subject to the cond itions |m i - m j | <NK
- 1

for 1[ i, j[ 2l.

W ithout loss of genera lity, w e may assume that

m = m in{m i | 1[ i[ 2l }.

Deno tem 1 = m and put

m i= m + si, 1[ i[ 2l,

where s1 = 0 and 0[ si < NK
- 1

( 2[ i[ 2l). Obv iously, G l (K, N, k ) [ 2lG
*

l (K, N, k ), w here G
*

l (K, N, k ) is

the number of solutions o f ( 3) w ith the add itional restriction that

m 1 = m.

Then after div id ing bym 1! ¢ 0(mod p ), the above cong ruence ( 3) takes the form

5 s1, ,, s2l
(m ) S 0(mod p ), ( 4)

where

5 s1, ,, s2l
(X ) = E

l

i= 1
F

s i

v= 1
(X + v )

k
- E

2l

i= l+ 1
F

si

v= 1
(X + v)

k
.
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The number o f so lutions of the congruence ( 4) is co llected from tw o sets o f variab lesm and si, 1[ i[ 2l:

( i) the first set is such that 5 s1, ,, s2l
(X ) is a po lynom ial ofm of deg ree greater than zero ( but less than

kNK
- 1

);

( ii) the second set consists of those forwh ich 5 s1, ,, s 2l
(X ) van ishes modulo p as a po lynom ia l o fm.

The number o f so lutionsG
*
l, 1 (K,N, k ) o f ( 4) correspond ing to the f irst set is atmost

G
*
l, 1 (K, N, k ) [ kNK

- 1
(NK

- 1
+ 1)

2l- 1 [ k (NK
- 1

+ 1)
2l
. ( 5)

For the second set o f variables, w e have that as a po lynom ia,l 5 s1, ,, s2l
(X ) vanishesmodulop if and on ly if

the sequence sl+ 1, ,, s2l is a permutat ion o f the sequence s1 = 0, s2, ,, sl. Therefo re, th is happens for atmost l!

(NK
- 1

+ 1)
l- 1

va lues o f s1 = 0, s2, ,, s2l. For these va lues, the cong ruence ( 4) is sat isfied for all values ofm =

1, ,, N. Thus

G
*
l, 2 (K,N, k ) [ l! (NK

- 1
+ 1)

l- 1
N. ( 6)

It fo llow s from ( 5) and ( 6) that

G
*
l (K, N, k ) = G

*
l, 1 (K, N, k ) + G

*
l, 2 (K, N, k ) [ l! (NK

- 1
+ 1)

l- 1
N + k (NK

- 1
+ 1)

2l [

l!N
l
K

- l+ 1
(KN

- 1
+ 1)

l- 1
+ kN

2l
K

- 2 l
(KN

- 1
+ 1)

2l
.

By our cho ice o fK and the stirling formu la we have

1+ KN
- 1[ 1+

k

l!N

1 /( l+ 1)

= 1+ O ( 1 / l).

Therefore,

G
*
l (K, N, k )n l!N

l
K

- l+ 1
+ kN

2l
K

- 2l
,

and hence,

Jl (N, k )n lK
2 l- 1

( l!N
l
K

- l+ 1
+ kN

2l
K

- 2l
) n l( l!N

l
K

l
+ kN

2l
K

- 1
).

By our cho ice o fK, w e see that

l!N
l
K

l [ kN
2l
K

- 1

and also that for su ff ic iently largeN,

K \
kN

l

l!

1/ ( l+ 1)

- 1\N
l/ ( l+ 1)

k
1 /( l+ 1)

2( l! )
1 / ( l+ 1) .

Hence

J l (N, k ) n l ( l! )
1 / ( l+ 1)

N
2l- 1+ 1 /( l+ 1)

k
l/ ( l+ 1)

n l
2
N

2l- 1+ 1 / ( l+ 1)
k

l /( l+ 1)
.

Th is comp letes the proo f of Lemma 1.

For posit ive integers k, d,H, N < p, w e now consider double exponential sums of the form

Wa (d;H, N ) = E
H

h= 1
E
N

n= 1
ep ( ah ( n! )

k
)

d

.

Lemma 2 For any posit ive integer l\ 1, w e have

|Wa (d;H, N ) | [ (pH Jd (N, k ) )
1 /2

.

Proof Apply ing theH Ê lder inequalityw e obta in

| Wa (d;H, N ) |
2 [ H E

H

h = 1
E
N

n= 1
ep ( ah ( n! )

k
)

2d
[ H E

p

h= 1
E
N

n= 1
ep ( ah( n! )

k
)

2d
= pH Jd (N, k ).

Th is comp letes the proo f of Lemma 2.

2 P roof o f Theorem 1

For some posit ive integers k, s, l, H < p, w e denote byT the number o f so lut ions of the cong ruence

E
2s

i= 1
h i ( ni1! )

k
+ , + ( n il! )

k
+ E

2l

i= 1
(m i! )

k S K (m od p ),

where

1[ n11
, ,, n2sl

, m1, ,, m 2l [ p- 1, 1[ h1, ,, h2s [ H.
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By the identity ( 2), w e have

T =
1
p E

p-1

a = 0
E
H

h = 1
E

p

n = 1

ep ( ah ( n! )
k
)

l 2s

E
p

m = 1
ep ( a (m! )

k
)

2l
# ep ( - aK).

Separating the termH
2s
p
2sl+ 2l- 1

correspond ing to a = 0, w e derive

| T - H
2s
p

2sl+ 2l- 1
| [ 1

p E
p- 1

a= 1
E
H

h = 1
E

p

n = 1
ep ( ah( n! )

k
)

l 2s

E
p

m= 1

ep ( a(m! )
k
)

2 l

.

Hence by Lemma 2 and Lemma 1, w e have the fo llow ing inequalit ies

| T - H
2s
p
2s l+ 2l- 1

| [ 1
p

( pH Jl ( p, k ) )
s E

p- 1

a= 1
E

p

m = 1
ep ( a(m! )

k
)

2 l

[ p
s
H

s
( Jl ( p, k ) )

s+1 n

H
s
l
2s+ 2

p
2ls+ 2l-1+ ( s+ 1) / ( l+ 1)

k
l( s+ 1) /( l+ 1)

.

Therefore, the inequality

T \H
2s
p
2s l+ 2l- 1

- CH
s

l
2s+ 2

p
2ls + 2l- 1+ ( s+ 1) /( l+ 1 )

k
l( s + 1 ) /( l+ 1)

ho ldsw ith some abso lute constantC > 0. Setting l= [ log p ] , s= [ log log p ] andH = e
6
l
2
k

l( s+ 1)
s( l+ 1) , w e obta in that

T > 0. Thus every residue c lass Kmodu lop can be represented by a sum of the sam e number lk ( p ) o f factorials,

w here

lk ( p ) [ 2sHl + 2ln ( log p )
3
log log p# k

( 1+ 1 / log log p )
.

Th is comp letes the proo f of Theorem 1.
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