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Abstract Sane nev canmon fixed pont theorens are estab lished under strict contractive cond itions forw eakly compat+
bk mappings satisfying the property (E. A). The main result of Aamri and M ou tav ak il is m proved and generalized
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In 1986 JungckllJ introduced the concept of canpatiblemapping and proved same common fxed pont he-
orems of canpatb lemapp ngs inmetric space H owever the study of canmon fixed points of noncan patb le m ap-

. . - [25]
png is also very interesting .

I 200, A amri and Moutavakil® defined a new property for a pair of map-
pngs i e, so-called the property (K. A), whih generalize the concept of noncanpatblemappngs By using
the property (E. A), they obtaned he folbw ng canmon fxed point theorem:

Theoren A LetA, B, T andS be selfmappngs of am etric space (X, d), and letF: R 7 R be anon
decreasing function satisfyng 0< F(¢) < ¢ for each t> 0 such that

( 1)* d(Ax, By )SF (max{d(Sx, Ty ), d(Sx, By), d(Ty, By)} ), ¥V x yEX;

(2) (A, S) and (B, T) areweakly canpatblg

(3) AX)CT(X) andB (X )C S(X );

(4)* (A, S) or (B, T ) satisfies the property (E A).

If he range of the one of the mapp ngsA, B, S orT is a canp kte subspace ofX, thenA, B, S and T have a
unique canmon fxed point

W e find that he author’ s poof is halfbaked In the orighal proof the auhors only exan ned he case of
that (B, T') satisfies the property (E. A). They consiler thatwhen (4, S) satisfies the property (E. A), the ap-
proach is sim ilar A ctuall, notsa snce the condition (1) is not synmetricalw ith respect to (A, S) and (B,

T). We find that if (A, S) satisfies the poperty (E. A) (and (B, T') does not satisfy that), then the existing
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conditions sean notto be able to assure that the conclisbn of he theoren hols still In this paper we give
same new canmon fxed pont theoren s under strict con tractive conditbns for mappings satisfy ng the property

(E A), whith mprove and generalize the correspond ng result of A an ri and M outaw akil n [ 6].

I Same Basic Concepts

For the convenience of the read ng we recall sane basic conceptswhich willbe needed n the sequel

Definition 1' " LetS and 7 be wo selfmaps of ametric space (X, d ).

(1) S andT are sai to be canpatble if”lig d(STxn TSx, )= 0 whenever {x,} is a sequence nX such
Ihat”lig S, = ”].izl'a Tx,= t for sane t€X.

(2) S andT are said to beweakly canpatble if they canmute at their concidence points i e, ifTu=Su
for sme u€ X, thenTSu=STuw

Definition 2° LetS and T be tvo selfmapp ngs of a metric space (X, d). W e say hatT and S satisfy
he property (E A) if there exists a sequence (x,) such that

I Tx, = lin Sx, = ¢

for sme 1€ X.

2 Mamn Results

Theorean 1 LetA, B, T andS be selfm appings of ametric space (X, d). IHB(X) orS(X) is a closed
subspace ofX, and the follow ng cond itions are satisfed

(1) d(Ax By) <max{d(Sx, Ty ), d(Sx, By), d(Ty, By)}, V x, yEX withAxZBy,

(2) (A, S) and (B, T) areweakly canpatblg

(3) AX )CT(X) andB(X)CS(X );

(4) (B, T') satisfies the property (E A).
ThenA, B, S andT have a unique canmon fixed pont

Proof Since (B, T') satisfies the property (E. A), there exsts a sequence (x,) nX such that lm Bx, =
I Tx,= ¢ for sme £ X. Note thatB (X )C S(X ). Hence there exists a sequence (y, ) nX such thatBx, =
Sy., and so lm Sy,= ¢

Suppose S (X ) is a cbsed subspace ofX. Note that{Sy, /C S(X ) and Synﬁ t Hence t= Su for sam eu€
X, and so Im Bx, = lm Tx, = lm Sy, = Su. It is not difficult to prove that Su=Au. We consiler the bllow ng

two cases

If there existsNV € N such thatduZBx, for alln 2N, then it follws from (1) that
d(Aw Bx, ) < max{d(Su Tx, ), d(Sw Bx.), d(Tx.,, Bx,)).
Lettng n oo, itfolbws fram he above nequality thatd (Au, Su) <d(Su, Su)=Q Hence Su=Au
If there exists a subsequence {x, } of {x, } such thatAu=Bx,, i= 1 2 ..., n, then itis clear thatdu= Su.
SnceA andS are weakly canpatble andAu= Su, we haveASu=Mu and thenAAu=ASu=SAu= SSu
On the other hand snceA (X )JCT(X ), there existsv€X such hatTv=Au. W e can clain thatTv= Bu.
If not then by (1), we get
d(Auy Bv) < max{d(Sy Tv), d(Su, Bv), d(Ty, Bv) ) = max{Q d(Auy Bv), d(Auy Bv)} = d(Auw Bv),
which is a contradiction HenceAu=By and soTv=Bu The weak canpatibility ofB and T mplies thatTTv=
TBv=BTv=BBu
Let us show hatdu is a canmon fixed pointofd, B, S andT. IfAAuZAu, i e, AAuZBy, it follws fran
(1) that
d(Auy AAu) = d(AAuy, Bv) < max{d(SAwy Tv), d(Auw Bv), d(Ty, Bv) } =
max{d(AAu Au ), d (AAuw Au), 0} = d(AAw Au),
which is a contradicton  and henceAu=AAu. ThereforeAu=AAu= SAu. This shows thatAdu is a canmon fixed
— 41 —
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point ofA andS. Note thatd (By BBv ) = d(Auy, BBv). Smilark, by usng (1), it is easy to prove hatBv & a
canmon fixed pont of B and 7. Sncedu=Buy we conchide thatAu is a canmon fixed pont ofA, B, S and T.

Suppose B (X ) is acbsed subspace ofX. Note that {Bx,} CB (X)) andBoc,,_> t Hence i=Bb for sam e b€
X. SinceB (X )JCS(X ), there existsu€X such thatBb= Su, and sowe have

I Bx, = linTx, = lin Sy, = Su

The subsequent proof is sin ilar to the case mwhichT (X ) is assun ed to be a closed subspace ofX.

Fnall, we prove the uniqueness Suppose hatAu= Bu= Tu= Su=u andAv=Bv=Tv=Sv=v IfuZy
ie, AuZBy by (1) we get

d(wv) = d(Aw Bv) < max{d(Su Tv), d(Suw Bv), d(Ty Bv)) = max{d(Au Bv))} = d(u v),
which is a contradicton Therefore u= u

Ranark [t is evident that the conditbn (1)* ofTheoran A inplies the condition (1) of Theoran 1, and
every canplete subspace ofX is closed HenceTheoram 1 is a generalizaton of Theorem A when only assum ing
that (B, T') satisfes the property (E A).

IfA andB, S andT are nterchanged in Theorem 1 respectively we get the follow ng theoran.

Theoren 2 LetA, B, T andS be selfm appings of ametric space (X, d). HA (X ) orT(X ) is a closed
subspace ofX, and the follov ng cond itions are satisfed

(1 /d(Aog By) <max{d(Sx, Ty ), d(Ax Ty ), d(Ax, Sx )}, V x yEX wihAxZBy;

(2) (A, S) and (B, T) areweakly canpatble

(3) AX )CT(X) andB(X)CS(X );

(4)'(A, S) satisfies the property (E A).
ThenA, B, S andT have a unique canmon fxed pont

LetF R" 7 R be a finction. W e denote the follaw ng properties by (F— 1) and (F- 2) respectively

(F= 1) F is nondecreasing and upper san i-continuous on R",

(F-2) O<F(t)<t for each > Q

The follow ng theoram & a correction of Theorem A whenwe suppose that (A, S) satisfies the property ( E
A).

Theoran 3 LetA B, T and S be selfm appings of a metric space (X, d), A (X ) orT (X ) be the closed
subspace ofX, and letF: R" “ R’ be a functon satisfyng (F— 1) and (F- 2). Suppose that the bllow ng

conditions are satisfied

( 1)k d(Ax, By ) SF(max{d(Sx, Ty), d(Sx By), d(Tx By) ) ) ¥V x yEX;

(2) (A, S) and (B, T) areweakly canpatble

(3) AX )CT(X) andB (X )C S(X );

(4) " (A S) satisfies the property (E A).
ThenA, B, S andT have a unique canmon fxed pont

Proof Snce (A, S) satisfes the property (E A), there exists a sequence (x,) nX such thatnlig Ax, =
nliolg Sx, = ¢ for sane t€X. Note thatA (X JCT(X ). Hence here exists nX a sequence (y,) such hatdx, =
Ty,, and so lmnTy,= 1

Suppose T'(X ) is a closed subspace ofX. Note that {Ty, JCT(X) andTy,,_> t Hence t=Tu for sameu€
X. Sa we have

n_ligAx,L = nlig Sx, = n_lior'} Ty, = Tu

Fran (1) we have
d (Ax,, Bu) SF (max{d (Sx,, Tu), d(Sx,, Bu), d(Tw, Bu)} ).
SnceF is upper san +continuous it follows
d(Tu Bu) < "]_TgF(m ax{d (Sx,, Tw), d(Sx,, Bu), d(TwBu)}) < F(d(Tw Bu)),
which mplies hatTu=Bu by (F- 2). The weak canpatibility ofB andT mplies thatTTu =TBu = BTu=
— 4 —
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BBu

On the other hand snceB(X )CS(X ), there existsv€X such thatSv=Bu. W e can clain thatSv=Auw.
In fact using ( 1)* , we have

d(AwBu) SF(max{d(SuTu), d(SuBu), d(Tuy Bu)} ) =
F(max{d(BuwBu), d(Bu Bu), d(Bu,Bu)}) = (

which mplies thatAv=Bu, and soAv= Sv. The weak canpatibility of A and S mples thatAAdv=ASv = SAv=
SSu

Letus show thatAv is a canmon fxed pointofAd, B, S andT. In viev of ( 1)* , it folbws

d(Ay AAv) = d(AAv Bu) S F(max{d(SAw Tu ), d(SAv Bu), d(Tw Bu))) =
F(max{d(AAw Av), d (AAy Av), 0} ) = F (d(AAy Av) ),

which mplies thatAv=AAv=SAv by (F- 2). Therefore Av is a canmon fxed point ofA andS. Sinilarl, it is
not difficult to pove thatBu is a canmon fixed pont of B and T. SnhceAv= Bu, we conclude thatdv is a can—
mon fxed pontofA, B, S and T.

SupposeA (X ) is a closed subspace ofX. Note that {Ax, ] CA (X)) andAx,  t Hence t=Ab for sme b€
X. SinceA (X )CT (X ), there exists u€X such thatdb=Tu, and sowe have

AnAx, = linSx, = InTy, = Tu

The subsequent proof is s ilar to the case mwhichT (X ) is assun ed to be a closed subspace ofX.

By (F- 2), it is easy to see that the cond ition ( 1)* mp les the condition (1) n Theorem 1 Hence the
proof of unfueness is s ilar to that of uniqueness in Theorem 1

A's a corollary of Theorem 1 and Theoran 3 we obtain the folbw ng resultwhich is a correction of Theorem

A

Corollary 1 LetA, B, T andS be selfm appings of ametric space (X, d ), and letF: R” 7 R’ bea fine
ton satisfying the conditions (F- 1) and ( F- 2) such that

( l)* d(Ax, By)<F(maX{d(Sx, Ty ), d(Sx, By), d(Ty, By)} ), V x yEX;

(2) (A, S) and (B, T) areweakly canpatble

(3) AX)CT(X) andB(X)CS(X );

(4" (A, S) or (BT ) satisfies the property (E A).

If he range of the one of the mapp ngsA, B, S orT is a canp kte subspace ofX, thenA, B, S and T have a

unique canmon fxed point
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