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� � In 1986, Jungck
[ 1]

introduced the concept o f compatiblemapping and proved some common fixed po int the-

orems o f compa tib lemapp ings inmetric space. H ow ever the study of common fixed points o f noncompatib lemap-

ping is also very interesting
[ 2-5 ]

. In 2001, A amri andM ou taw akil
[ 6]

defined a new property for a pair of map-

pings, .i e. , so-ca lled the property ( E. A) , w h ich generalize the concept of noncompatib lemappings. By using

the property ( E. A ), they obta ined the fo llow ing common fixed point theorem:

Theorem A � LetA, B, T and S be se lfmappings of am etric space (X, d ), and letF: R
+
� R

+
be a non-

decreasing function satisfy ing 0< F ( t) < t for each t> 0 such that

( 1)
*

d (Ax, By ) � F (m ax{ d (Sx, Ty ), d ( Sx, By ), d (Ty, By ) } ), � x, y � X;

( 2) (A, S ) and (B, T ) arew eak ly compatib le;

( 3) A (X )� T (X ) andB (X )� S (X );

( 4)
*

(A, S ) or (B, T ) sat isfies the property ( E. A ) .

If the range o f the one o f the mapp ingsA, B, S orT is a comp le te subspace ofX, then A, B, S and T have a

unique common fixed poin.t

W e find that the au thor� s proof is hal-f baked. In the orig ina l proo ,f the authors only exam ined the case of

that ( B, T ) sa tisfies the property ( E. A) . They consider thatw hen (A, S ) satisfies the property ( E. A ), the ap-

proach is sim ilar. A ctually, no t so, since the cond ition ( 1) is not symme tricalw ith respect to (A, S ) and (B,

T ). W e find that if (A, S ) satisfies the property ( E. A) ( and (B, T ) does not sat isfy that), then the ex ist ing
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conditions seem no t to be ab le to assure that the conc lusion o f the theo rem ho lds st il.l In th is paper, w e g ive

some new common fixed po in t theorem s under strict con tractive condit ions for mappings satisfy ing the property

( E. A ) , w h ich improve and generalize the correspond ing result o fA am ri andM outaw akil in [ 6].

1� Some Bas ic Concepts

For the convenience o f the read ing w e reca ll some basic conceptsw h ich w ill be needed in the seque.l

Defin ition 1
[ 1, 7] � LetS and T be tw o sel-fmaps of ametric space (X, d ).

( 1) S and T are sa id to be compat ible if lim
n� �

d ( STxn, TSxn ) = 0 whenever { xn } is a sequence inX such

that lim
n� �

Sxn = lim
n� �

Txn = t for some t� X.

( 2) S and T are said to bew eakly compatib le if they commute at their co incidence points, .i e. , ifTu= Su

for some u� X, then TSu = STu.

Defin ition 2
[ 6] � LetS and T be two selfmapp ing s of a metric space (X, d ). W e say thatT and S satisfy

the property ( E. A ) if there ex ists a sequence ( xn ) such tha t

l im
n� �

Txn = lim
n� �

Sxn = t

for some t� X.

2� M ain Results

Theorem 1� LetA, B, T and S be se lfm appings o f a metric space (X, d ). IfB (X ) or S (X ) is a closed

subspace o fX, and the follow ing cond itions are satisf ied:

( 1) d (Ax, By ) < m ax{ d (Sx, Ty ), d ( Sx, By ), d (Ty, By ) }, � x, y � X w ith Ax� By;

( 2) (A, S ) and (B, T ) arew eak ly compatib le;

( 3) A (X )� T (X ) andB (X )� S (X );

( 4) (B, T ) satisfies the property ( E. A ) .

Then A, B, S andT have a unique common fixed po in.t

Proof� Since (B, T ) sa tisfies the property ( E. A ) , there ex ists a sequence ( xn ) inX such that lim
n� �

Bxn =

lim
n� �

Txn = t for som e t� X. No te thatB (X )� S (X ). Hence there ex ists a sequence ( yn ) inX such thatBxn =

Syn, and so lim
n� �

Syn = t.

Suppose S (X ) is a c losed subspace o fX. Note that { Syn }� S (X ) and Syn� t. H ence t= Su for som eu�

X, and so lim
n� �

Bxn = lim
n� �

Txn = lim
n� �

Syn = Su. It is not d ifficu lt to prove that Su = Au. W e consider the fo llow ing

tw o cases:

If there ex istsN � N such thatAu� Bxn for all n�N, then it fo llow s from ( 1) that

d (Au, Bxn ) < max{ d (Su, Txn ), d (Su, Bxn ), d (Txn, Bxn ) }.

Letting n� � , it fo llow s from the above inequa lity thatd (Au, Su) � d ( Su, Su ) = 0. H ence Su = Au.

If there ex ists a subsequence { xni
} of { xn } such thatAu = Bxn i

, i= 1, 2, �, n, then it is clear thatAu= Su.

S inceA and S are w eak ly compatib le and Au = Su, w e haveASu = SAu and then AAu = ASu = SAu= SSu.

On the other hand, sinceA (X )� T (X ), there ex ists v� X such thatTv= Au. W e can cla im thatTv= Bv.

If no,t then by ( 1), w e get

d (Au, B v) < m ax{ d (Su, Tv), d ( Su, B v), d (Tv, B v) } = max{0, d (Au, Bv), d (Au, B v) } = d(Au, B v),

which is a contradiction. H enceAu = B v, and soTv= B v. The w eak compatibility o fB and T implies thatTTv=

TB v= BTv = BB v.

Let us show thatAu is a common fixed po in t ofA, B, S andT. IfAAu�Au, .i e. , AAu� Bv, it follow s from

( 1) that

d (Au, AAu ) = d (AAu, B v) < m ax{ d (SAu, Tv), d ( SAu, B v), d (Tv, B v) } =

m ax{ d (AAu, Au ), d (AAu, Au ), 0} = d (AAu, Au ),

which is a contrad iction, and henceAu = AAu. ThereforeAu = AAu= SAu. This show s tha tAu is a common fixed
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po int o fA and S. Note thatd (Bv, BBv ) = d (Au, BB v). S im ilarly, by using ( 1) , it is easy to prove thatBv is a

common fixed po int ofB and T. S inceAu = B v, w e conclude tha tAu is a common fixed po int ofA, B, S and T.

SupposeB (X ) is a c losed subspace ofX. Note that {Bxn } � B (X ) andBxn� t. H ence t= Bb for som eb�

X. SinceB (X )� S (X ), there ex ists u� X such thatBb= Su, and so w e have

l im
n� �

Bxn = l im
n� �

Txn = lim
n� �

Syn = Su.

The subsequent proo f is sim ilar to the case in w hich T (X ) is assum ed to be a closed subspace ofX.

F inally, w e prove the un iqueness. Suppose thatAu = Bu= Tu = Su = u and Av= B v= Tv = Sv = v. If u� v,

.i e. , Au�B v, by ( 1) w e get

d ( u, v) = d (Au, Bv) < max {d ( Su, T v), d (Su, Bv ), d (T v, B v) } = m ax{ d (Au, Bv ) } = d ( u, v),

which is a contrad iction. Therefore u= v.

Remark� It is ev ident that the condition ( 1) * o fTheo rem A implies the condition ( 1) o fTheo rem 1, and

every complete subspace ofX is closed. HenceTheorem 1 is a genera lizat ion of Theorem A when on ly assum ing

that (B, T ) satisf ies the property ( E. A) .

IfA andB, S andT are interchanged in Theorem 1 respective ly, w e get the follow ing theorem.

Theorem 2� LetA, B, T and S be se lfm appings o f a metric space (X, d ). IfA (X ) orT (X ) is a closed

subspace o fX, and the follow ing cond itions are satisf ied:

( 1) �d (Ax, By ) < m ax{ d (Sx, Ty ), d (Ax, Ty ), d (Ax, Sx ) }, � x, y � X w ith Ax� By;

( 2) (A, S ) and (B, T ) arew eak ly compatib le;

( 3) A (X )� T (X ) andB (X )� S (X );

( 4) �(A, S ) sat isfies the property ( E. A ) .

Then A, B, S andT have a unique common fixed po in.t

LetF: R
+ � R+ be a function. W e denote the fo llow ing properties by ( F- 1) and ( F- 2) respectively:

( F- 1) F is nondecreasing and upper sem -i continuous on R
+
,

( F- 2) 0< F ( t) < t for each t> 0.

The follow ing theorem is a correction of Theorem A when w e suppose that (A, S ) satisfies the property ( E.

A ) .

Theorem 3� LetA, B, T and S be se lfm appings o f a metric space (X, d ), A (X ) o rT (X ) be the closed

subspace o fX, and letF: R
+ � R+

be a function satisfy ing ( F- 1) and ( F - 2) . Suppose tha t the fo llow ing

conditions are sat isfied:

( 1)
*
d (Ax, By ) � F (max{ d ( Sx, Ty ), d (Sx, By ), d (Ty, By ) } ), � x, y � X;

( 2) (A, S ) and (B, T ) arew eak ly compatib le;

( 3) A (X )� T (X ) andB (X )� S (X );

( 4) � (A, S ) sat isfies the property ( E. A ) .

Then A, B, S andT have a unique common fixed po in.t

Proof� S ince (A, S ) satisf ies the property ( E. A ), there ex ists a sequence ( xn ) inX such that lim
n� �

Axn =

lim
n� �

Sxn = t for some t� X. Note thatA (X )� T (X ). Hence there ex ists inX a sequence ( yn ) such thatAxn =

Tyn, and so lim
n� �

Tyn = t.

SupposeT (X ) is a closed subspace o fX. Note that {Tyn }� T (X ) andTyn� t. H ence t= Tu for someu�

X. So, w e have

lim
n� �

Axn = lim
n� �

Sxn = lim
n� �

Tyn = Tu.

From ( 1)
*
we have

d (Axn, Bu) � F (max{d ( Sxn, Tu ), d (Sxn, Bu ), d (Tu, B u) } ).

S inceF is upper sem -i continuous, it fo llow s

d (Tu, B u) � lim
n� �

F (m ax{ d (Sxn, Tu ), d ( Sxn, Bu ), d (Tu, B u ) } ) � F ( d (Tu, Bu ) ),

which implies thatTu = Bu by ( F- 2). The w eak compatibility o fB and T imp lies thatTTu = TBu = BTu =
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BBu.

On the other hand, sinceB (X ) � S (X ), there ex ists v� X such tha tSv= Bu. W e can cla im thatSv= Av.

In fac,t using ( 1)
*
, w e have

d (Av, B u) � F (m ax {d ( Sv, Tu ), d ( Sv, B u ), d (Tu, B u) } ) =

F (m ax{ d (B u, B u ), d (Bu, Bu ), d (Bu, B u) } ) = 0,

which implies thatAv= Bu, and soAv= Sv. The w eak compatibility ofA and S imp lies thatAAv = ASv = SAv=

SSv.

Let us show thatAv is a common f ixed po int o fA, B, S and T. In v iew o f ( 1)
*
, it fo llow s

d (A v, AAv) = d (AAv, Bu ) � F (max{ d (SAv, Tu ), d (SAv, Bu ), d (Tu, B u ) } ) =

F (max{ d(AAv, Av), d (AAv, Av), 0} ) = F (d (AAv, Av) ),

which implies thatAv = AAv = SAv by ( F- 2). Therefore, Av is a common fixed po int ofA and S. S im ilarly, it is

not d ifficult to prove thatBu is a common fixed po int ofB and T. S inceAv= Bu, w e conclude thatAv is a com-

mon f ixed po in t o fA, B, S and T.

SupposeA (X ) is a closed subspace o fX. Note that {Axn } � A (X ) and Axn� t. H ence t= A b for some b�
X. SinceA (X ) � T (X ), there ex ists u� X such tha tAb= Tu, and so w e have

lim
n� �

Axn = lim
n� �

Sxn = lim
n� �

Tyn = Tu.

The subsequent proo f is sim ilar to the case in w hich T (X ) is assum ed to be a closed subspace ofX.

By ( F- 2) , it is easy to see tha t the cond ition ( 1)
*
imp lies the cond ition ( 1) in Theorem 1. Hence, the

proof of un iqueness is sim ilar to that of uniqueness in Theorem 1.

A s a corollary of Theorem 1 and Theorem 3, w e obtain the fo llow ing resultwh ich is a correction of Theorem

A.

Corollary 1� LetA, B, T and S be selfm appings of ametric space (X, d ), and letF: R
+ � R+

be a func-

t ion satisfying the conditions ( F- 1) and ( F- 2) such that

( 1)
*

d (Ax, By ) � F (m ax{ d (Sx, Ty ), d ( Sx, By ), d (Ty, By ) } ), � x, y � X;

( 2) (A, S ) and (B, T ) arew eak ly compatib le;

( 3) A (X )� T (X ) andB (X )� S (X );

( 4)
*

(A, S ) or (B, T ) sat isfies the property ( E. A ) .

If the range o f the one o f the mapp ingsA, B, S orT is a comp le te subspace ofX, then A, B, S and T have a

unique common fixed poin.t
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