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  The mo rtar e lem entmethod is a nonconform ing domain decompositionmethod w ith non- overlapp ing subdo-

ma ins. The meshes on d ifferen t subdom ains need not a lign across subdoma ins interfaces, and the match ing of

discretizations on ad jacent subdoma ins is on ly enforced w eakly. Recently, the method has been studied ex ten-

sive ly and many results have been obta ined
[ 1, 2]

. M arcinkow ski considered themortar elementmethod w ith locally

P1 noncon fo rm ing elements and obtained the optim al error estimate in [ 3] , but themortar cond ition is dependent

on the degrees of the freedom on the interfaces and those near the interfaces. In [ 4], B i and L i a lso considered

themortar elementmethod w ith loca llyP 1 nonconform ing e lem en,t and themortar cond ition is only dependent on

the degrees o f the freedom on the interfaces.

In [ 2], Chen and Xu proposed themortar element for rotatedQ 1 elemen,t sim ilar to [ 3], themortar con-

dit ion is relat ive to the degrees of the freedom on the interfaces and those near the interfaces. In th is paper,

based on [ 4] , w e also consider themortar e lement for ro tatedQ 1 elemen,t and themortar cond ition is only co r-

re late w ith the degrees of the freedom on the interfaces. By v irtue of a localmap on the interfaces, w e construct

mortar condition across the in terfaces, and the optima l error est imate for rotated Q 1 mortar element m ethod is

proved.

The rema inder of this paper is organized as fo llow s. In section 1 w e introducemodel problem, the rotatedQ 1

mortar element method and some notat ions. Some techn ical lemmas are g iven in sect ion 2. Section 3 proves the

opt imal error estim ate. Last section g ives num er ical experiments show ing the optima lity of our theoretical results.

For conven ience, the symbol t , s , and C w ill be used in th is paper, and x1 t y 1, x2s y2, and x3C y3 mean

thatx 1[ C 1y1, x2 \C2y2, and C3x 3[ y3 [ C4x3 for some constants C1, C2, C 3, and C4 that are independent of
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mesh size.

1 M ode l Problem

Let 8 < R
2
be a rectangular orL - shape bounded doma in w ith boundary 58. Consider the fo llow ing model

problem

- $u = f, in 8,

u = 0, on 58,
( 1)

the variational formu lation o f ( 1) is to find uI H 1
0 ( 8 ) such that

a( u, v) = ( f, v), P v I H
1
0 ( 8 ), ( 2)

where

a ( u, v) = Q8 ý u# ý vdx, ( f, v) = Q8 fvdx. ( 3)

Partition 8 in to geometrica lly conform ing rectangular substructures, .i e. ,

�8 = G
N

k= 1
�8k and 8k H 8 l = ª, k X l,

�8 kH �8 l is empty set or a vertex or an edge for kX l. W ith each 8k we associate a quas-i uniform triangulation Th

(8 k ) made of e lements that are rectang les w hose edges are para lle l to x- ax is or y- ax is. The mesh parameter

hk is the d iam eter o f the largest e lem ent in Th ( 8k ). Let # kl denote the open edge that is common to 8k and 8 l,

the interface # = G 58k \58 is broken into a set o f stra ight segments�# kl. Let 8k, h and 58k, h be the sets o f vert-i

ces o f the triangulat ion Th ( 8k ) that are in�8k and 58k respectively.

W e construct the ro tatedQ 1 element for each triangu lation Th ( 8k ) as fo llow s:

X h ( 8k ) = { v I L
2
( 8k ) | v |E = a

1

E + a
2

E x + a
3

E y + a
4

E ( x
2
- y

2
),

a
i

E I R, Q5EH 58
v | 58 ds = 0, PE I Th (8 k );

forE1, E 2 I Th (8 k ), if 5E1 H 5E 2 = e, then Qe v | 5E 1
ds = Qe v |5E2 ds},

w ith norm and sem inorm

+ v+H 1
h
( 8 k ) = ( E

E I Th( 8 k )
+ v+ 2

H 1( E ) )
1
2 , | v |H 1

h
( 8 k ) = ( E

EI Th( 8 k )
| v |

2
H 1( E ) )

1
2 .

The g loba l discrete space is defined by

X h ( 8 ) = F
N

k= 1

X h ( 8k ),

w ith norm + v+H 1
h
( 8 ) = ( E

N

k= 1
+ v+

2

H 1
h
( 8 k ) )

1
2 and sem ino rm | v |H 1

h
( 8 ) = ( E

N

k= 1
| v |

2

H 1
h
( 8 k ) )

1
2
.

S ince # kl inherits tw o d ifferent triangu lations, w e denote one of the sides of #k l as mortar by Cm ( k) and the

other as nonmortar by Dm( l) , then Cm( k ) = Dm ( l) = #k l, by Th
k
(Cm ( k) ) and Th

l
( Dm( l) ) deno te the different trian-

gulat ions across # kl. ( Assum e the fine side is chosen asmortar, .i e. , hk [ hl. ) Define Sh ( Dm ( l) ) to be a sub-

space o fL
2
( #k l ), such that its functions are piecew ise constants on Th

l
( Dm( l) ). The d imension o fSh ( Dm( l) ) is

equal to the number of e lemen ts on the Dm( l) . Fo r each nonmortar edge Dm( l) , define an L
2
- pro jection operator

QD: L
2
(# kl ) y Sh (Dm ( l) ) by

(QDv, W)L 2(Dm ( l) ) = ( v, W) L2( Dm ( l) )
, P WI Sh ( Dm( l) ). ( 4)

S im ilarly w e can define Sh ( Cm( k ) ) andQC.

In the seque,l le t Th /2 (8 k ) be the partition wh ich is constructed by connectingm idpo in ts of the opposite ed-

ges o f elements o f Th ( 8k ). Introduce an aux iliary con form ing b ilinear finite e lem ent space

V
h /2
k = V

h /2
( 8k ) = { v I C

0
| v |K is b ilinear, P K I Th /2 ( 8k ) }.

Let V
h /2
= F

N

k= 1
V
h /2
k and V

h /2
k ( s) = V

h /2
k | s for s < ( # G 58 ).
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W e introduce a localmap I
Cy Vh /2k ( C) defined as fo llow s:

( 1) IfP is am idpo int o f eI C, then I
C
v (P ) =

1
| e | Qe vds;

( 2) IfP is an end point ofC, I
C
v(P ) = I

C
v (PCR ), w herePCR is the nearestm idpo int ofP on C.

( 3) IfP is a vertex o f an e lem ent Th ( C), I
C
v(P ) =

1

2
( I

C
v(P l ) + I

C
v(P r ) ), whereP l, P r are the left and

right neighboring m idpo ints o fP on C.

Now, w e can define the g lobal d iscrete space formo rtar e lement

Vh = { v I Xh ( 8 ) | QD( I
C
QCvk ) = QDvl, P Dm( l) = Cm( k ) < # },

where vk = v |C
m (k )

and v l= v |D
m ( l)

. The cond ition on # is ca lledmo rtar condit ion. Our discrete problem of ( 2) is:

find uh I Vh such that

ah ( uh , vh ) = (f, vh ), P vh I Vh, ( 5)

where

ah ( uh , vh ) = E
N

k= 1
ah, k ( uh, vh ), ah, k ( uh , vh ) = E

E I Th( 8 k )
( ý uh, ý vh )E.

Obviously, the form ah ( # , # ) is positive defin ite, and the problem ( 5) has a un ique so lut ion.

2 Some Techn ical Lemmas

To reach our conc lusion, w e present some aux iliary technical lemmas.

Define an operatorMk: X h (8 k )y V
h /2
( 8k ) as D efin it ion 311 in [ 4].

For the operato rM k, w e have the fo llow ing resul.t

Lemma 1 For any vI X h (8 k ), w e have

|M k v |
2

H 1( 8 k )
C | v |H 1

h
( 8 k )
. ( 6)

Proof For anyK I Th /2 ( 8k ), there ex ists an elementE I Th (8 k ) such thatK < E. A ssume thatP 1 is the

common vertex o fK and E, P 2 andP 3 are other tw o vert ices o fK wh ich lie on the edges of E, and P4 is the

fourth vertex ofK wh ich lies inE. Then

  |M k v |
2
H 1(K ) C E

4

i, j= 1
|Mk v (P i ) - Mk v(P j ) |

2 t

 E
SI Th ( 8 k ), P 1I �S

E
ei, ejI 5S

(
1

| ei | Qe ivds -
1

| ej | Qej vds)
2 t

 E
SI T

h
( 8
k
), P

1
I �S
| v |

2
H 1(S) .

Summ ing over a llK I Th /2 ( 8k ) y ields

|Mk v |H 1( 8 k ) t | v |H 1( 8 k ) . ( 7)

For anyE I Th (8 k ), let ei ( i= 1, 2, 3, 4) be the edges o fE, Q i ( i= 1, 2, 3, 4) are them idpo ints of ei ( i=

1, 2, 3, 4), w e derive

| v |
2

H 1( E) C E
4

i, j= 1

1
| ei | Qe i vds -

1
| ej | Qe jvds

2

=

E
4

i, j= 1
(Mk v (Q i ) - Mk v (Q j ) )

2 t E
K < E, K I Th /2( 8 k )

|M k v |
2
H 1(K ) .

Summ ing over a llE I Th ( 8k ) g ives

| v |H 1
h
( 8 k ) t |Mk v |H 1( 8 k ) . ( 8)

( 6) follow s from ( 7) and ( 8) .

By interpo lation est imate
[ 5 ]
, the fo llow ing result is easily to ge.t

Lemma 2 + v - QDv+ L 2(Dm ( l) ) t h
1 /2

l | v |H 1 /2(Dm ( l) ) , P v I H
1 /2
( Dm( l) ).

M oreover, for the operator I
C
, the fo llow ing result is obv ious.
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Lemma 3 For any vI X h (8 k ), then

+QD I
C
QCv |Cm ( k ) - I

C
QC v | Cm ( k) + L 2(Cm (k ) ) M h

1 /2
k | v |H 1( 8 k ) ,

+ ICQC v | C
m (k )

- QCv | C
m ( k )

+ L2( C
m ( k )

) M h
1 /2
k | v |H 1( 8

k
) . ( 9)

Proof From the de fin ition o f the operatorMk and I
C
, w e can see

Mk v= I
C
QC vk, on Cm( k) , P vI X h ( 8k ), vk = v |Cm (k ) .

U sing Lemma 1, Lemma 2, trace theorem and above equality, w e deduce

+QD I
C
QC v |Cm ( k) - I

C
QC v |Cm ( k) + L 2(Cm (k ) ) Mh

1 /2
k |M k v |H 1/2(Cm ( k) ) Mh

1 /2
k |M k v |H 1( 8 k ) Mh

1 /2
k |v |H 1( 8 k ) .

Hence, the first inequality ho lds, for the second inequality, w e have

+ ICQC v |C
m ( k )

- QCv |C
m (k )

+ L 2(C
m ( k )

) = +Mk v- QCvk+ L2( C
m ( k )

) = E
e I T kh /2( # k l)

Qe (Mk v- Q e vk ) ds, (10)

whereQ e vk = Q 2e vk, e< 2e < Th
k
( # k l ), and Q 2e is the L

2
orthogonal pro jection onto one dimensiona l space

w hich consists of constant functions on element 2e on Th
k
(Cm ( k) ). U sing the sca ling argument in [ 5], for any

constant c, we have

Qe (Mk v - c)
2
dsM hk Qê (M̂k v - c)

2
d̂sM hk+ M̂k v - c+

2
1, Ê M hk | M̂k v |

2
1, Ê M hk |Mk v |

2
1, E,

which togetherw ith ( 10) and Lemm a 1, g ives

+ I
C
QC v |Cm (k ) - QCv |Cm ( k ) + L 2(Cm ( k) ) Mh

1 /2
k |Mk v |H 1

h
( 8 k ) Mh

1/2
k |v |H 1

h
( 8 k ) .

So w e have complete the proo.f

3 Error Estimate

In this sect ion, the erro r betw een the d iscre te solution o f ( 5) and the so lution o f ( 2) is estim ated.

The follow ing result is the w el-l known second Strang Lemma.

Lemma 4 Letu and uh be solution o f ( 2) and ( 5) respectively, then

| u - uh |H 1
h
( 8 ) [ inf

vI Vh

| u - v |H 1
h
( 8 ) + sup

XI Vh

| E
N

k= 1
E

E I Th( 8 k )

Q5E 5u5n8 ds
| X |H 1

h
( 8 )

|. ( 11)

The first term in ( 11) is known as the approx imation error, w hile the second term is ca lled the consistency error.

Lemma 5 Letu, uh be the so lution of ( 2) and ( 5) respectively, u |8 k I H
2
( 8k ), then w e have

| E
N

k= 1
E

EI Th( 8 k )
Q5E 5u5nXds |M ( E

N

k= 1

h
2
k | u |

2
H 2( 8

k
) )

1
2 | X |H 1

h
( 8 ) , P X I Vh.

Proof Note that

E
N

k= 1
E

EI Th ( 8 k )
Q5E 5u5nXds = E

N

k= 1
E

E I Th( 8 k )
E

eI 5E \# Q5E 5u5nXds + E
# k lI # Q#

k l

5u
5n [ X] ds

, ( 12)

where e is an edge ofE, [ X ] denote the jump o f X across # kl.

The first term in the right hand of ( 12) can be estimate by stand argument

| E
N

k= 1
E

EI T
h
( 8
k
)

E
eI 5E \ # Q5E 5u5nXds |M (E

N

k= 1
h

2
k | u |

2

H 2( 8 k )
)

1
2 | X |H 1

h
( 8 ) . ( 13)

For any Cm( k ) = Dm ( l) = #k l, by themortar condition

    | Q# k l
5u
5n
[ X] ds | = | Q# kl

5u
5n
{ (Xk - QCXk ) + (QCXk - I

C
QCXk ) +

( I
C
QCXk - QD I

C
QCXk ) + (QDXl - Xl ) } ds | [

+ 5u
5n+ L 2( # kl) {+ Xk - QCXk + L 2( # k l) + +QCXk - I

C
QCXk + L 2( # k l) +

+ IC QCXk - QD I
C
QCXk + L 2( # k l)

+ +QDXl - Xl + L2( # k l)
}: =

+ 5u
5n+ L 2( # kl) (F1 + F 2 + F 3 + F4 ). ( 14)
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Trace theorem g ives

+ 5u
5n+ L 2( # k l) M h

1 /2
l | u |H 2( 8 kG 8 l) . ( 15)

An application o f the sam e argument as in the proo f in ( 9) g ives

F1 M h
1 /2
k | X |H 1

h
( 8 k ) , F2 M h

1/ 2
k | X |H 1

h
( 8 k ) , F 4 M h

1 /2
l | X |H 1

h
( 8 l) .

ForF 3, by Lemma 3, w e have

F 3M h
1 /2

k |X |H 1
h
( 8 k ) .

Above four inequality and ( 14) y ie ld

| Q# kl
5u
5n
[ X ] ds |M h l | u |H 2( 8 kG 8 l) ( | X |H 1

h
( 8 k ) + | X |H 1

h
( 8 l) ),

where the assumption hk [ h l is used. Summ ing over a ll# kl I #, using ( 12) and ( 13) , the desired result fo-l

low s.

Lemma 6 For any uI H
1
0 (8 ), u |8 k I H

2
( 8k ), it holds that

inf
vI V

h

| u - v |H 1
h
( 8 ) M ( E

N

k = 1
h
2
k | u |H 2( 8 k ) )

1 /2
.

Proof LetPh

k
u I X h (8 k ) be the interpo lation o fu inXh ( 8k ), w e have the fo llow ing estimate

+ u - 0
k

hu+ L2( 8 k ) + hk | u - 0
k

h u |H 1
h
( 8 k ) M h

2
k | u |H 2( 8 k ) . ( 16)

Define v
~

|8 k = 0
k

h u, k= 1, ,, N. The function v
~

I X h (8 ) may not satisfy themortar cond ition across the inter-

faces. So w e need to construct an operator . D
m ( l)
: Xh ( 8 ) y X h (8 ) by

Qe ( . Dm ( l) ) ( v
~

) ds = Qe ( IC QC v
~

| Cm ( k) - v
~

| Dm ( l) ) ds, e I Th
l
(Dm ( l) )

0, o therw ise.

Then for any v
~

I X h ( 8 ), let

v = v
~

+ . D
m ( l)
( v
~

),

where the sum is taken over all nonmortars.

W e can check that vI Vh. F rom ( 16) , w e know

| u - v |H 1
h
( 8 ) M | u - v

~

|H 1
h
( 8 ) + | . D

m ( l)
( v
~

) |H 1
h
( 8 ) M ( E

N

k= 1

h
2
k | u |

2
H 2( 8

k
) )

1 /2
+ | . D

m ( l)
( v
~

) |H 1
h
( 8 ) .

For each nonmortar edge Dm( l) , w e can deduce

    | . Dm ( l) v
~

|
2

H 1
h
( 8 ) = E

EI Th ( 8 )
QE | ý ( . Dm ( l) v

~

) |
2
dx M E

EI Th( 8 )
E
eI 5E

(
1
| e | Qe . Dm ( l) v

~

ds)
2
M

h
- 2
l E
eI Th(Dm ( l) )

( Qe QD( I
C
QC v

~

| Cm ( k ) - v
~

| Dm ( l) )ds)
2 M

h
- 1
l (+ I

C
QC 0

k

hu - 0
l

hu+ 2
L 2(D

m ( l)
) ) [

h
- 1
l (+ I

C
QC 0

k

hu - QC 0
k

hu+ 2
L 2( # kl) + + QC 0

k

hu - 0
k

h u+ 2
L 2( # k l) +

+ 0
k

hu - u+ 2
L 2( # kl) + + 0

l

hu - u+ 2
L 2( # k l) ), ( 17)

by a sim ilar argumen t as in the proof in ( 9) , trace theorem, Lemma 3 and ( 16) , w e obta in

+ IC QC 0
k

hu - QC 0
k

h u+ L 2( # k l) M h
1 /2
k + 0

k

h u+H 1
h
( 8 k ) M h

3 /2
k | u |H 2( 8 k ) ,

+ QC 0
k

hu - 0
k

hu+ L 2( # kl) M h
1/2
k + 0

k

hu+H 1
h
( 8 k ) M h

3 /2
k | u |H 2( 8 k ) ,

+ 0
k

h u - u+ L 2( #
k l
) M ( hk

- 1 + u - 0
k

h u+ L 2( 8
k
)

2
+ hk | u - 0

k

h u |H 1
h
( 8

k
)

2
)
1 /2 M h

3 /2
k | u |H 2( 8

k
) ,

+ 0 h

l
u - u+ L 2( # k l) M ( h l

- 1+ u - 0 h

l
u+ L 2( 8 l)

2
+ hl | u - 0 h

l
u |H 1

h
( 8 l)

2
)
1/2 M h

3/ 2
l | u |H 2( 8 l) .

Above four inequalities and ( 17) yie ld

|. D
m ( l)
v
~
|H 1
h
( 8 ) Mhk |u |H 2( 8

k
) + h l |u |H 2( 8

l
) .

Summ ing over a ll nonmortars Dm ( l) < 58 l and afterw ards over the subdoma ins, w e complete the proo.f
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From Lemm a 4 - Lemm a 6, w e now state our conclusion concerning the error estim ate.

Theorem 1 Let u, uh be the solution o f ( 2) and ( 5) respectively, u |8 k I H
2
(8 k ), then

| u - uh |H 1
h
( 8 ) M (E

N

k= 1
h

2
k | u |

2
H 2( 8 k ) )

1 /2
.

4 Numerical Experiments

In this sect ion, w e present the resu lts o f some num er ical experiments w hich show that the mortar e lement

method w ith ro tatedQ 1 element is optima.l For prob lem ( 1), let 8 = [ 0, 1] @ [ 0, 1] , the doma in 8 is div ided

into tw o ad jacent subdoma ins, each subdoma in is divided into a grid of sma ller triangles, the meshes do not

match on the interface. W e assign 8 1 = [ 0, 1] @ [ 0, 015] ismortar subdomain, 8 2 = [ 0, 1] @ [ 015, 1] is non-

mortar subdoma in. Assum e that the exact so lution o f ( 1) is u = x ( 1- x ) y ( 1- y ).

By Gauss elim inat ion method, w e get the resu lts asTab le 1. In th is table, hk ( k= 1, 2) is them esh size in

Th ( 8k ), uh denotes the solution o f ( 5) .

Table 1 The error between u and uh

h- 1
1 h- 1

2
|u- uh |H 1

h( 8 )

6 4 0. 038 133 8

12 8 0. 019 410 8

24 16 0. 009 815 9

48 32 0. 004 943 6

96 64 0. 002 483 3

192 128 0. 001 245 4

From Tab le 1, w e can see themortar element method cou lp ling w ith rotatedQ 1 e lem ent is optima.l
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