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Abstract In th s paper we siudy fran the nsuref s pontofview, theoptinal nvesim ent and proportonal reinsurance
for the jump-d iffus bn surplus processes A ssum ng that the reinsurance premiun & calcubhted accord ing to the expected
value prncipl we obtain the cbsed fom expressins of the strategy and the valie function which are optinal n the
sense of maxm izing the expected utility from tem malwealth W e also conclide that the case with mvesiment is alvays
better than the one without invesm ent Sane numerical exanp les are gven which illustrate the resulis of this paper
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Recently, the optin ization problan of an nsurer hasbeen studied extensively in the literature Seg for ex
anp lg Br(wnelll, H pp and Pl]rn|23|, Schm'dliul, Liu and Yang|6|, Geiber and Sh'u”l, Lianglggl. In
these works stochastic control heory and rehted tools have been widely used. They assume that the aggregate
clams pwcess is a canpound Poisson pwocess or a Brown n motion with drifi where the variables such as re-
nsuranceg new busmnesses nvesment and dividend are adjusted dynam icall, Under same assunptons they
are able to obtan closed-fom solutions for the optinal strategy and the valie finctbn n he sense ofmaxin izing
(orminm izing) a certan objective function under different consirants For exanplg Browne ', Schmidli*,
L'ang[a ? consiler one of (orboth) the wo controls to m nin ize the probability of ruin (1) investing in a risky
asset and (2) purchasing proportbnal rensurance They derive the explicit expressbn for the optin al valies

fran the Brownianmotionmodel Yang and Zhang[wl discuss the optin al nvesiment poblen n the pmp-diffi-

sbnmodel to maxi ize the expected utility, They also derive the cbsed-form expressbn for the optinal strategy
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and the optim al valie functbn

A lthough the literature on the op tinal proportbnal re nsurance is increasing rapidly See¢ forexample W a
ters ! , Centeno |2|7 L langI 8', Liang and Guo ™ 14], Schm idli **" and references therein Themost usual crite-
rion of optin izatbn is to maxm ize the adjusment coefficient or to m nin ize the probability of ruin Very few of
hese contributions dealw ith he problem in relatbn to he criterion ofmaxm izing he expected utility fran tem +
nalwealth In this paper assum ng hat the rensurance pren ium is calculated according to he expected valie
principle we consider the optinal nvesment and poportional rensurance for he junp-diffusion risk process to
maxm ize the expected utility fran temm nal wealth The case w ith variance princp le has been discussed n L+
ang[ ? The sme problen withmore canp licated model is consdered by Irgens and Pau ken ™, sme explicit
expressions for the valie functbn are derved H owever there is no constrant on the controls which is different
to this paper Our contrbution in this paper is to find the closed fom expressions of the optmal strategy and the
valie functon under the constrants on the wo control variables Furher we conclide that the case w ith nvest

ment is alvays better than the one w ithout nvesiment

I TheModel and the H am ilton-Jacob+Bellman (H JB) Equation

L 1 Themodel
Under the chssical risk mode] the surp lus process {U, }.>0 is gven by
U=u+ ct— S, (1)

where u 20 is the nitial surplus ¢ B the pran im rate and S, represents the aggregate clains up to tinet We
N (1)

assume thatS, = ZY} is a canpound Poisson process 1 e, N (t) is ahanogeneous Poisson processw ith n ten-
i=1

sity A Y, i21isa sequence of positive i 1 d randam variables w ith canmon distrbutonF (y ), mean valhie B
=E(Y;) and manent generatng functionM y (r) = E ¢''. The clain number processN (t) is also ndependent
of the clam amountY, i21 An ntroduction to classical ruin theory can be found for instance mRef [16].
In this paper we consider the risk process which is pertutbed by a Brownian motion, we also suppose that
he insurer has the possbility to choose proportional re nsurance w ith levelg,€ [Q 1]. The prem im rate for the

rensurance is (1+ 1) (1- ¢,) A T is the safety loading of the re nsurer Letezxcu— 1 be he safety loading of

the insurer W ithout bse of generality, we assime 11> @ Then the surp lus process of the nsurer becames
RI=[q(1+0) - (N-0)] Adde+ BW, - ¢ dS, (2)
where B2 0 is a constant W, is a standaxd B row nian m o tion ndependent of the clam number processNV (¢) and
of ¥, i21 The diffusion tem B, represents the additional uncertanty associated w ith the nsurance maiket or
he econan ic envirom ent The uncertainty is not necessarily related to the chins therefore i this paper we
only consiler the case where BW, is not affected by re nsurance at all
In Ref [ 8], under the criterbn of maxin izng the expected utility fran tem inalw ealh, the optin izatbn
problems ofmodel (2), aswell as its diffision approxmation mode] have been discussed
Here we assime that there is one risky asset available for nsurer in the fnancial maiket whose price at
tme ¢t is denoted by P (¢), andmodeled as a geam etric Brow nian m otion
& (t)=aP (t)di+ OP (t) B, (3)
where ¢ O are positve constants and represent the expected instantaneous rate of return of the risky asset and
he volatility of the risky asset respectvely B, 12Q s another standaxd Brow nian m otion ndependent of the
clain nunber processN (t) and of Y, i1
Letd, 20 be the total anount ofmoney invested n the h gher risky asset and X7 denote thewealh of the
canpany at time L X} " follows rensurance strategy ¢ aswell as nvesiment strategyA. This pocess then can
be expressed as
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Ki"=A, (adt+ OB, )+ [q(1+ ) = (N=0)] Ad+ BdW, — ¢,dS. (4)
Denote by P he correlation coefficient of B, wihW,, ie, E[BW.] =0
Ranark 1 InRef [ 13, 14], under the criterion of maxm izing the ad usiment coefficien; the optmal
problems ofmodels (2) and (4) have been discussed same useful conclusions have been derived However
the control variablesA and ¢ consdered n [ 13, 14] are both constants which are different from those n his pa-
per
Renark 2 In thispaper we assume that contnuous trad ng is albwed and all assets are nfnitely dvis+

ble andwework on a canplete probability space (Q .% %) onwhich the pIocessz’ " iswell defned The nfor

A, q

maton at tmet is given by the canplete filtration F', generated byX', °. The strategy (A, ¢.) is.7 — progresswve-
ly measurable and satisfies the ntegrability cond ition jzlfds < o, a sforall K oo

1 2 TheHJB equatbn

In this paper we assume that the insurer is nterested nmaxim izing the utility fran his tem nalwealth say
at tin eT. The utility functon isu(x), wherewe assume thatu'> 0 and "< @ W ewant to maxin ize the utility
attainable by he insurer frum the statex attme ¢ the value function is then V(¢ x ) = supe;o ./E[u(X‘;’ )1

X7 "= x]. While utility functions are sub jective there are of course specific utility functbns that have many ob-
jecte criteria associated w ith them A variety of utility functons are siudied in invesment strategies seeM er

17 18 . . q- .
on', Karatzad "' br exanples Here we assume that the nsurer has an exponentnl utility finctbn

u(x) = N —%eﬁw,

wherem > 0 and V> Q This utility has constant abso lite risk averson (CARA) paran eter ¥ Such utility fine-
ton plays an mportant role n nsurancemathenatics and actuarial practice snce they are the only functbns un-
derwhich he princple of“ zero utility" gives a fair pran ium that & independent of the level of reserves of an -
surance C(mpany[ v

W e assme now that he value functon V(¢ x) is wice contnuously differentable Applyng Ito’ s fomula

. e 20 . .
for jmp-diffusion process””, we obtan that the generator is

AW(tx) = Vi+ [aA+ ((1+ N)g— (M= 0) )AH]V, +
—é[A202+ B+ 4080V + NE[V(tx—-q¥) = V(ix)], (5)

where V, V, and V., denote respectively the first order partial dervative w ith respect to ¢ the first order and
he second order partial derivatives w ith respect tox. By a standad method *', we can obtain he Bllow ng HJB

equation

I _
. € 0% /0 uﬂé Visx) =0 (6)
w ih the boundary conditon V(T, x) = u(x ). Themethods nRef [ 3] can beused to prove that theH JB equa-
ton has a classical solution in our cas¢ and also themethods n Ref [ 10] can be used to verify that his solr

ton is just the optnal value function wewant to get Here wew illnotdiscuss these problen s in detail
2 TheOptinal lnvesm ent and Proportional R e nsurance

In this sectbn we consder the problan of optmal nvesment and proportbnal re nsurance. Throughout th is
paper we assume ﬂlatE(YéY) =M'y(r) exists for0< r< & and ]jTllE(YerY) = o0 for sme0< ¢S+ 00 Fur
themorg the Lundberg-Cran r conditons ho [T

Fran (5) and (6), we derive the H JB equation for (<T"

s Vs [ad + ((1+ )g= (= 0)) W]V, +—;(02A2+ B+ 204BO) V., +

?\E[V(:;x—qY)—V(M)]}=0 (7)
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Now we assume thatequaton ( 7) has a classical solution V, which satisfies V., > 0 and V., < Q@ To sole the

equation ( 7), mspired by Y ang and Zhang[m], we try to fit a solitbn of fom

Vitx) = N—%exp[— Vi + (T - t)], (8)

where h(* ) is a suitable function such that (8) is a solution of (7), and the boundary conditon V(T, x ) =

u(x) mpliesh(0)=1Q

Fran (8), we can get
Vo= [V(tx) = M][- h(T- 0]
Vo= [V(tx) - M][-V].

(9)

Vo= [V(tx)= N][V],
E[V(sx=qV) = V(tx)] = [V(sx)= N][My(Vg) - 1]

Replacing (9) back nto equation (7) and canceling the lke tems yeH

inf{= h'(T = 1) = [ad + ((1+ Mg~ (= 0)) W/V+

—;(02A2+ B+ 204B0)V + MMy (Vg) - 1]} = 0 (10)

Now, we need to find the optinal strategiesA* and q* , whih minim ize the folbw ing function
fr(Aq) == h(T= 1) = [aAd+ ((1+N)g— (M- 0)) M V+

S (04T By 20480)V + M, (V) - 1] (11)

D ifferentiating with respect oA in ( 11) gwes the optin izer
_a PP
Al = ozv— G-
Since
Wikt gy g
f2(A, q) is a convex finction w ith regard toA, then the optmal nvesim ent strategy is
Q ifA, < 0
A =
iz - &? ifA, > Q
o'y O
4" =Q the optinal poblem has been considered inRef [ 8]. Sa i the follow ng contexy we only consider

he casewithd > Q
Now differentiating w ih respect to ¢ n (11) yels anew equaton
(1+ M= E[Y" - =My (qV),
or equ valen tly
(1+ )P = My(r), (12)
where r= gV Then we have
Lenma 1 Equaton ( 12) has a unique positive root

Proof Let
f(r) = (1+ Nu
and
g(r)=My(r)
W e have
g(0)=H

g(r)=E(Ye) >0
g(r)=E(Ye)>0
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Thism eans thatg (r) is an hcreasng convex function
Sincef(r)= (1+ N)U>g(0)=H f(r) and g(r) have a unique pont of intersectbn at same 0< r< 1
That is equatbn ( 12) has a unique positive root and the proof is canplete

Letq denote the argument where ( 11) attans isminmum nR,, henP=qV ie, ¢=0P/N Snce
d vt
—fza(:; V- WEV S 0

f2(A, q) is a convex finction w ith regard to g then the optmal policy q can be given as

qg =gl
Ranark 3 The optmal rensurance in ths paper is st the sane as the one inTheoran 3. 1 ofRef [8].
That is to say the actbn of investng does not affect the optin al re nsurance strategy
Now insert'ngA* >0 andq* into equation ( 10), we can get the folbw ng resulis when q =P/V< 1, we
have h/(T— t)=Qi(V). Integrating and settingh(0) = Q we get
W= 1) = Qi(V) (T - 1),
w here
2

Qi1(V) = MMy(P)- 1] - (1+ 1) AP+ (T - 6))\11\/—2L+ apr+ —;ﬁz(l— d)\}_

o? o
W hen q* =1, h/(T— t)=0Q2(V), usng the sane way we can get
h(T = 1) = Q2 V) (T - 1),
w here

02(V) = MMy (V)= 1] = (1+ 0wy @B 2g 1 6)

o
So the folbw ng theoram is directly derived

Theorem 1 LetP be the positive oot of equation (12), Q:(V) andQ.(V) be given as above, ten the
optinal policies are he fixed constants

c_| P
q —[‘J/\L (13)
< _a, 1 BP
A =55 - (14)
and the valie functon is
V(tx) = )\,-ﬂvexp[— Ve+ h(T - t)], (15)

w here
h(T—t):{Ql(v)(T_t)’ ifg < 1, 6

Q:(V(T - t), ifqg =1

Fran theorem 1, we have

Theoran 2 Under the expecied valie principle the case with nvesiment is alvays better than he one
w ihout invesm ent

Proof Camparing (16) with (15) imRef [ 8], we can see thal to prove Theoren 2 it is sufficent to
consider functions by and h, defned as

hl(w):_—;wﬂﬁpw +—;ﬁz(1—d)\;,

and

ha (w) :—éﬁzﬁ.

Herew = % & the retum of the unit risk a very mportant factor n risky nvesment W e know that ifh; (w )<
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ha(w) Hrallw 2Q thenVy(tx) 2V, (tx) forall(tx)ER’
Note that

hy(w) = ha(w) =-—;w2+ ﬁp\{u——;ﬁzﬁ\;z——;(wz— 2Bpw + BPV) :——;(w— Bov)® < 0

Sowe have by (w ) Shy(w) for allw 20 and thus Va(tx) 2V, (¢ x). This canpletes the proof

Reanark 4 Canparing he results nTheoran 1 with those nRef [ 8], we can see thatwhether the insus
ance canpany invests same capital to the stock m atkef the optmal reinsurance strategy is the san e fxed con-
stant That is to say the optinal rensurance strategy is only dependent on the clain sizes the risk attitude of
the investor and the prem um principle underwhich the msurer pays the pram iun to the rensurer M eanwhilg
wheter the nsurance canpany carres out the re nsurance strategy has no effect on the nvesment strategy M o-
reover the optinalstrategyA* only depends on the five parameters @ 0, ¥V B @ and has no relevance to the
paraneters A H § T whichmeans that the optmal nvesiment strategy only depends on the external econan—
ic envirorm ent (B P), the stock market (a 02), and the risk attitude of the nvestor ¥V It does not depend on
he clam sizes safety loadng parameters or sanething else That’ s really an anazing result In faci n the op-
tm ization problan ofm axin izng the ad psiment coefficeni these wo strategies do affect each other see for
exanple Liang and Guo

Renark 5 The conclhisbn in Theorem 2 has also been derved n Ref [9 14].

3 Numerical Examples

In this subsectbn we assume hat the clam sizes Y are exponentially distrbuted w ith paran eter 1 /H= 1

Sane numerical exanples are gven lo illustrate he results of this paper

Lenmma 2 A ssume that the clam sizes are exponen- g
tially distrbuted wih paraneter 1/H= 1 Then the positive gz
solution of equaton ( 12) is given as 0.7 i

p= 1- [ (17) o 0s)
1+ 1 04l

Exanple1 LetNl=0.3 0.6 0.9 we investigate the 03}

effect of V on the optmal remsurance sirategy The resulis gf

are shovn n Fig 1 0

Fran Fig 1, we find that the optim al rensurance strate-

gy decreases when the CARA paraneter V increases which

Fig.1 The effect of v on ¢*

means that the less risk averse an msurer is the hrger hs
share in the risk willbe W e can also see that a larger value of 1 will yeld a higher retenton level of optimal
rensurance This sinply states that as the price of reinsurance increases the insurer should retain a greater
share of each chm.

Exanple2 LetV=1 B=0.01L P=0.6 anda= 0.5 1 2 we give the influences of 0 on the optimal n-
vesim ent strategyA* . The results are shown nFi 2

Fran Fig 2 we can conchde hat a larger volatility of the stock m arketw ill yiel a less invesment i the
risky asset Whereas a laiger expecied instantaneous rate of return of the risky assetyiels a greater nvesiment
n the risky asset All this results are just consistentw ih the practicalm arket

Exanple3 Let0=0.3 N=0.4 B=0.1 P=0.6 A=3 M=3 m=03 T=10andw=1 2 we
gve the nfluences of V on the value function V(9 1). The resulis are shown nFg 3

Fran Fig 3 we can see that the value functbn ncreases w ith the increasing of the paraneter ¥ and a lar
ger return of the unit riskw will yield a larger expected utility.  Further we find that the expected utility with -
vestment is lawger than the one w ithout nvesment which & the nawural consequence of Theoren 2

_6_
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