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[摘要 ]  站在保险人的立场上, 讨论了期望值保费原理下, 跳扩散风险过程的最优投资和比例再保险问题, 得

到了使终值期望效用达到最大的最优策略和值函数的近似表达式, 并且得出结论: 投资总比不投资好. 最后, 通

过一些数值举例来进一步说明本文中所得的结论.
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  Recently, the optim ization prob lem of an insurer has been stud ied extensively in the literature. See, for ex-

amp le, B rowne
[ 1]
, H ipp and Plum

[ 2, 3]
, Schm id li

[ 4, 5]
, L iu and Yang

[ 6]
, Gerber and Sh iu

[ 7]
, L iang

[ 8, 9]
. In

these w orks, stochastic control theory and re la ted tools have been w ide ly used. They assume that the aggregate

cla im s process is a compound Poisson process or a Brow n ian motion w ith drif,t where the variables, such as, re-

insurance, new businesses, investment and d ividend, are adjusted dynam ica lly. Under some assumpt ions, they

are able to obta in closed- form solutions for the optima l strategy and the value funct ion in the sense o fmax im izing

( orm inim izing) a certa in objective function under different constrain ts. For examp le, B rowne
[ 1]
, Schm idli

[ 4 ]
,

L iang
[ 8, 9]

consider one of ( or bo th) the tw o con tro ls to m in im ize the probab ility of ruin: ( 1) investing in a risky

asset and ( 2) purchasing proport iona l reinsurance. They derive the explicit expression for the optim al va lues

from the B rown ianmo tionmode.l Yang and Zhang
[ 10 ]

d iscuss the optim al investment problem in the jump-diffu-

sionmode l to max im ize the expected utility. They also derive the closed-form expression for the optima l strategy
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and the optim al va lue funct ion.

A lthough the literature on the op timal proport iona l re insurance is increasing rapidly. See, fo r example, W a-

ters
[ 11]

, Centeno
[ 12]

, L iang
[ 8]
, L iang and Guo

[ 13, 14]
, Schm idli

[ 4, 5 ]
and references therein. Themost usual crite-

rion o f optim izat ion is to max im ize the adjustment coefficient or to m in im ize the probab ility o f ruin. V ery few of

these con tributions dealw ith the problem in relat ion to the criterion ofmax im izing the expected utility from term-i

nalw ealth. In th is paper, assum ing that the re insurance prem ium is ca lculated according to the expected va lue

pr inciple, w e consider the opt imal investment and proportional re insurance for the jump-d iffusion risk process to

max im ize the expected ut ility from term inal w ea lth. The case w ith variance princ ip le has been d iscussed in L-i

ang
[ 9]
. The same prob lem w ithmo re comp licatedmode l is considered by Irgens and Pau lsen

[ 15]
, som e explic it

expressions for the value function are derived. H ow ever, there is no constra int on the con tro ls wh ich is different

to this paper. Our contr ibution in th is paper is to find the closed fo rm expressions o f the opt imal strategy and the

value function under the constra ints on the two contro l variab les. Further, w e conc lude that the case w ith inves-t

ment is a lw ays better than the one w ithout investmen.t

1 TheModel and theH am ilton-Jacob-i Bellman (H JB) Equation

1. 1 Themode l

  Under the c lassica l risk mode,l the surp lus process {Ut } t\0 is g iven by

Ut = u + ct- S t, ( 1)

where u\ 0 is the in it ial surplus, c is the prem ium rate and S t represents the aggregate cla im s up to t ime t. W e

assume thatS t = E
N ( t)

i= 1
Yi is a compound Po isson process, .i e. , N ( t) is a homogeneous Po isson processw ith in ten-

sity K, Yi, i\1 is a sequence of positive .i .i d. random variables w ith common d istribut ionF ( y ), mean va lue L

= E (Yi ) and moment generat ing functionM Y ( r ) = E e
rY

1 . The cla im number processN ( t) is also independent

of the cla im amountYi, i\1. An introduction to classical ruin theory can be found, for instance, in R e.f [ 16] .

In this paper, w e consider the risk process wh ich is perturbed by a Brow nian motion, w e a lso suppose that

the insurer has the possib ility to choose propo rtional re insurance w ith levelqt I [ 0, 1] . The prem ium rate for the

re insurance is (1+ G) ( 1- qt ) KL, G is the sa fety loading of the re insurer. Le tH= c
KL

- 1 be the safety loading of

the insurer. W ithout lose o f generality, w e assume G> H. Then the surp lus process of the insurer becomes

dR
q

t = [ qt ( 1+ G) - ( G- H) ] KLdt+ BdW t - qt dS t, ( 2)

where B\ 0 is a constan,t W t is a standard B row nianmo tion independent of the cla im number processN ( t) and

of Yi, i\1. The d iffusion term BW t represen ts the add itional uncertain ty assoc iated w ith the insurance market or

the econom ic env ironm en.t The uncertainty is no t necessarily related to the c la im s, therefore, in this paper, w e

on ly consider the case where BW t is no t affected by re insurance at al.l

In Re.f [ 8], under the criterion of max im izing the expected utility from term ina lw ealth, the opt im izat ion

problems o fmodel ( 2) , as w ell as its d iffusion approx imation mode,l have been d iscussed.

Here, w e assume that there is one risky asset available for insurer in the financial marke,t whose price at

time t is denoted byP ( t), andmode led as a geom etric Brow nian motion

dP ( t) = aP ( t) dt+ RP ( t) dB t, ( 3)

where a, R are positive constants, and represen t the expected instantaneous rate of return of the risky asset and

the volat ility of the risky asse,t respective ly. B t, t\0, is another standard Brow nian motion independent o f the

cla im number processN ( t) and of Yi, i\ 1.

LetA t\0 be the total amount ofmoney invested in the h igher risky asset andX
A, q

t denote thew ealth of the

company at t ime t. IfX
A, q

t fo llow s re insurance strategy q as w ell as investment strategyA. Th is process then can

be expressed as

)2)
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dX
A, q

t = A t ( a dt+ R dB t ) + [ qt ( 1+ G) - ( G- H) ] KLdt+ BdW t - qtdS t. ( 4)

Deno te by Q the corre lation coe ff icient ofB t w ithW t, .i e. , E [B tW t ] = Qt.

Remark 1 In Re.f [ 13, 14], under the criterion of max im izing the ad justment coefficien,t the opt imal

problems o fmodels ( 2) and ( 4) have been discussed, some useful conclusions have been derived. How ever,

the control variablesA and q considered in [ 13, 14] are bo th constan ts, wh ich are different from those in th is pa-

per.

Remark 2 In th is paper, w e assume that cont inuous trad ing is a llow ed, and all assets are in fin ite ly d iv is-i

b le and w ew ork on a complete probability space (8, F, P ) on w hich the processX
A, q

t is w ell defined. The info r-

mat ion at t ime t is g iven by the complete filtrationF t generated byX
A, q

t . The strategy (A t, qt ) isFt - progressive-

ly measurab le, and satisfies the integrab ility cond ition Q
T

0
A

2
s ds < ] , a. s for all T< ] .

1. 2 TheH JB equat ion

In this paper, w e assume that the insurer is interested inmax im izing the ut ility from h is term ina lw ealth, say

at tim eT. The utility funct ion isu ( x ), wherew e assume thatuc> 0 and ud< 0. W ew ant to max im ize the utility

atta inable by the insurer from the statex a t tim e t, the value function is then V( t, x ) = supqI [ 0, 1]E [ u (X
A, q

T ) |

X
A, q

t = x ] . W hile ut ility functions are sub jective, there are of course specific utility functions tha t havemany ob-

ject ive criteria associated w ith them. A variety o f ut ility funct ions are studied in investmen t strateg ies, seeM er-

ton
[ 17]

, Karatzas
[ 18 ]

fo r examp les. Here, w e assume that the insurer has an exponent ia l ut ility funct ion

u ( x ) = K1 -
m
M
e
- Mx
,

wherem > 0 andM> 0. This ut ility has constant abso lute risk aversion ( CARA ) param eterM. Such ut ility func-

t ion plays an important ro le in insurancema thematics and actuarial pract ice, since they are the on ly funct ions un-

derw hich the princ ip le o f / zero ut ility" g ives a fa ir prem ium that is independent of the level o f reserves of an in-

surance company
[ 19]

.

W e assume now that the value function V( t, x ) is tw ice con tinuously d ifferent iable. Apply ing Ito. s formu la

for jump-d iffusion process
[ 20]

, w e obta in that the generator is

A
A, q
V( t, x ) = Vt + [ aA + ( ( 1 + G) q - (G - H) )KL] Vx +

1
2
[A

2
R

2
+ B

2
+ 2ARBQ] Vxx + KE [ V( t, x - qY) - V ( t, x ) ] , ( 5)

where V t, Vx and Vxx deno te, respectively, the first order partia l derivat ive w ith respect to t, the first order and

the second order part ial derivatives w ith respect tox. By a standard method
[ 21 ]

, w e can obta in the fo llow ing HJB

equation:

sup
(A , q) I [ 0, ] ] @ [ 0, 1]

A
A, q
V( t, x ) = 0, ( 6)

w ith the boundary cond it ion V(T, x ) = u (x ). Themethods in R e.f [ 3] can be used to prove that theH JB equa-

t ion has a classical solution in our case, and a lso themethods in Re.f [ 10] can be used to ver ify that th is so lu-

t ion is just the opt imal value function w ew ant to ge.t H ere w ew ill no t d iscuss these prob lem s in detai.l

2 The Optima l Investm ent and Proportiona lRe insurance

In th is sect ion, w e consider the prob lem of optima l investment and proport iona l re insurance. Throughout th is

paper, w e assume thatE (Ye
rY
) = M cY ( r ) ex ists for 0< r< F, and lim

ry F
E (Ye

rY
) = ] for som e 0< F[ + ] . Fur-

thermore, the Lundberg-C ram�r conditions ho ld
[ 16]

.

F rom ( 5) and ( 6), w e derive theH JB equation, for t[ T:

sup
A, q

Vt + [ aA + ( ( 1+ G) q - (G- H) ) KL] Vx +
1

2
( R

2
A

2
+ B

2
+ 2RABQ) Vxx +

KE [ V( t, x - qY) - V( t, x ) ] = 0. ( 7)

)3)
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Now we assume that equat ion ( 7) has a c lassica l solution V, w hich satisfies Vx > 0 and Vxx < 0. To so lve the

equation ( 7), insp ired by Y ang and Zhang
[ 10]

, w e try to fit a so lut ion of form

V( t, x ) = K1 -
m
M
exp[ - Mx + h(T - t) ] , ( 8)

where h ( # ) is a suitab le function such that ( 8) is a so lution o f ( 7) , and the boundary condition V (T, x ) =

u( x ) implies h (0) = 0.

From ( 8) , w e can get

Vt = [ V( t, x ) - K1 ] [ - hc(T - t) ] ,

Vx = [V ( t, x ) - K1 ] [ - M],

Vxx = [ V( t, x ) - K1 ] [M
2
] ,

E [ V( t, x - qY) - V( t, x ) ] = [ V( t, x ) - K1 ] [MY (Mq) - 1].

( 9)

Replacing ( 9) back into equation ( 7) and cance ling the like terms y ie ld

inf
A, q

{- hc(T - t) - [ aA + ( (1 + G) q - (G- H) ) KL]M+

1
2
( R

2
A

2
+ B

2
+ 2RABQ)M

2
+ K[M Y (Mq ) - 1] } = 0. ( 10)

N ow, w e need to find the optima l strateg iesA
*

and q
*
, w h ich m inim ize the fo llow ing function

�f 2 (A, q ) = - hc(T - t) - [ aA + ( ( 1 + G) q - ( G- H) )KL] M+

1
2
(R

2
A

2
+ B

2
+ 2RA BQ)M

2
+ K[M Y (Mq) - 1]. (11)

D ifferent iating w ith respect toA in ( 11) g ives the optim izer

A 1 =
a

R
2
M
-
BQ
R
.

S ince

52 f 2 (A, q )
5A 2 = R

2
M
2
> 0,

�f 2 (A, q ) is a convex function w ith regard toA, then the optima l investm ent strategy is

A
*

=

0, ifA 1 [ 0,

a

R
2
M
-
BQ
R
, ifA 1 > 0.

IfA
*
= 0, the optima l problem has been considered in R e.f [ 8]. So, in the follow ing contex,t w e only consider

the case w ith A
*
> 0.

Now d ifferentiat ing w ith respect to q in ( 11) y ie lds a new equation:

(1 + G) L = E [ Ye
qMY

]: = MY ( qM),

or equ ivalen tly

(1 + G) L = M Y ( r), ( 12)

where r= qM. Then w e have

Lemma 1 Equation ( 12) has a unique positive roo tQ.

Proof Let

f ( r ) = (1 + G) L

and

g ( r) = M Y ( r ).

W e have

g ( 0) = L,

gc( r) = E (Y
2
e
rY
) > 0,

gd( r) = E (Y
3
e
rY
) > 0.

)4)
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Th ism eans thatg ( r ) is an increasing convex function.

S ince f ( r )S (1+ G)L> g ( 0) = L, f ( r ) and g ( r ) have a unique po int o f intersect ion at som e 0< r< 1.

That is, equation ( 12) has a unique positive roo t and the proof is complete.

Let q1 denote the argument where ( 11) attains its m inimum in R+ , then Q= q1M, .i e. , q1 = Q/M. S ince

52�f 2 (A, q )
5q2

= KM
2
E [ Y

2
e
MqY
] > 0,

�f 2 (A, q ) is a convex function w ith regard to q, then the optima l po licy q
*

can be g iven as:

q
*

= q1 C 1.

Remark 3 The optima l re insurance in th is paper is just the same as the one in Theorem 311 o fRe.f [ 8] .

That is to say, the action of investing does no t affect the optim al re insurance strategy.

Now insertingA
*
> 0 and q

*
into equation ( 10), w e can get the fo llow ing resu lts: w hen q

*
= Q/M< 1, w e

have hc(T - t) = Q 1 (M). Integrating and setting h ( 0) = 0, w e get

h (T - t) = Q 1 (M) (T - t),

where

Q 1 (M) = K[M Y ( Q) - 1] - ( 1 + G) KLQ+ ( G- H)KLM-
a
2

2R
2 +

aBQM
R

+
1

2
B
2
(1 - Q

2
)M

2
.

W hen q
*
= 1, hc(T - t ) = Q 2 (M), using the same w ay, w e can get

h (T - t) = Q 2 (M) (T - t),

where

Q 2 (M) = K[MY (M) - 1] - ( 1 + H)KLM-
a
2

2R
2 +

aBQM
R

+
1

2
B
2
(1 - Q

2
)M

2
.

So the fo llow ing theorem is d irectly derived:

Theorem 1 LetQbe the positive root of equation ( 12) , Q 1 (M) andQ 2 (M) be g iven as above, then the

opt imal polic ies are the fixed constants:

q
*

=
Q
M

C 1, (13)

A
*

=
a

R
2 # 1

M
-
BQ
R
, ( 14)

and the value function is

V( t, x ) = K1 -
m

M
exp[ - Mx + h(T - t) ] , ( 15)

where

h(T - t) =
Q 1 (M) (T - t), if q

*
< 1,

Q 2 (M) (T - t), if q
*

= 1.
( 16)

From theorem 1, w e have

Theorem 2 U nder the expected value principle, the case w ith investment is alw ays better than the one

w ithout investm en.t

Proof Comparing ( 16) w ith ( 15) in R e.f [ 8] , w e can see tha,t to prove Theo rem 2, it is suffic ient to

consider functions h1 and h2 de fined as:

h1 (w ) = -
1

2
w

2
+ BQMw +

1

2
B
2
( 1 - Q

2
)M

2
,

and

h2 (w ) =
1
2
B
2
M
2
.

Herew =
a
R

is the return o f the un it risk, a very important factor in risky investmen.t W e know that ifh1 (w ) [

)5)
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h2 (w ) fo r a llw\ 0, then V2 ( t, x ) \V1 ( t, x ) fo r a ll ( t, x ) I R
2
.

No te that

h1 (w ) - h2 (w ) = -
1

2
w

2
+ BQMw -

1

2
B
2
Q
2
M
2
= -

1

2
(w

2
- 2BQMw + B

2
Q
2
M
2
) = -

1

2
(w - BQM)

2 [ 0.

So w e have h1 (w ) [ h2 (w ) for a llw\ 0, and thus V2 ( t, x )\V1 ( t, x ). This completes the proo.f

Remark 4 Comparing the resu lts in Theorem 1 w ith those in R e.f [ 8], w e can see thatwhether the insur-

ance company invests some capital to the stockm arke,t the opt imal reinsurance strategy is the sam e fixed con-

stan.t That is to say, the opt imal re insurance strategy is on ly dependent on the cla im sizes, the risk attitude of

the investor and the prem ium principle underw hich the insurer pays the prem ium to the re insurer. M eanwh ile,

w he ther the insurance company carries out the re insurance strategy has no effect on the investment strategy. M o-

reover, the optima l strategyA
*

only depends on the five parameters: a, R, M, B, Q, and has no relevance to the

parameters: K, L, H, G, w hichmeans that the opt imal investment strategy on ly depends on the ex terna l econom-

ic env ironm ent (B, Q), the stock market ( a, R
2
), and the risk a tt itude o f the investorM. It does not depend on

the c laim sizes, safety loading parameters or something e lse. That. s really an amazing resu l.t In fac,t in the op-

t im ization problem ofm ax im izing the ad justment coeffic ien,t these tw o strategies do affect each other, see, for

example, L iang and Guo
[ 14]

.

Remark 5 The conclusion in Theorem 2 has also been derived in Re.f [ 9, 14] .

3 Numerical Examples

In this subsect ion, w e assume that the cla im sizes Y are exponentially d istributed w ith param eter 1 /L= 1.

Some numerica l examp les are g iven to illustrate the results o f th is paper.

Lemma 2 A ssume that the c laim sizes are exponen-

t ially distributed w ith param eter 1 /L= 1. Then the positive

solution o f equation ( 12) is given as

Q= 1 - 1
1 + G

. (17)

Example 1 Let G= 013, 016, 019, w e investigate the

effect of Mon the optima l reinsurance strategy. The resu lts

are show n in Fig. 1.

From Fig. 1, w e find that the optim al reinsurance strate-

gy decreases w hen the CARA parame terM increases, wh ich

means that the less risk averse an insurer is, the larger h is

share in the risk w ill be. W e can a lso see tha,t a larger value o f G w ill y ie ld a higher retent ion level of optimal

re insurance. Th is simply states that as the pr ice of reinsurance increases, the insurer shou ld retain a greater

share of each c la im.

Example 2 LetM= 1, B= 0101, Q= 016 and a= 015, 1, 2, w e g ive the influences of R on the opt imal in-

vestment strategyA
*
. The results are shown in F ig. 2.

From Fig. 2, w e can conc lude that a larger vo latility o f the stockm arketw ill y ie ld a less investmen t in the

risky asse.t Whereas, a larger expected instantaneous rate of return of the risky asset y ie lds a greater investment

in the risky asse.t A ll this resu lts are just consistentw ith the pract icalm arke.t

Example 3 LetH= 013, G= 014, B= 011, Q= 016, K= 3, K1 = 3, m = 015, T = 10 andw = 1, 2, w e

g ive the influences ofMon the value function V( 9, 1). The results are shown in F ig. 3.

From Fig. 3, w e can see that the value function increases w ith the increasing of the parameterM, and a lar-

ger return o f the un it riskw w ill y ield a larger expected utility. Further, w e f ind that the expected utility w ith in-

vestment is larger than the one w ithout investmen,t w hich is the natura l consequence of Theo rem 2.

)6)
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