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Abstrac t: The concept of continuous pre-orde red sets and its bas ic properties a re introduced. It is show ed that the cate-

gory CPOSET of continuous posets and Sco tt continuous func tions is a re flective subcategory of the catego ry CPRSET o f

continuous pre-o rdered sets and Scott con tinuous functions.
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[摘要 ]  介绍了连续预序集的概念及其基本性质, 得到以连续偏序集为对象, Scott连续函数为态射的范畴

CPOSET是以连续预序集为对象, Sco tt连续函数为态射的范畴 CPRSET的反射子范畴.
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  LetL be a pre-o rdered se,t a, bI L, X AL. W e say thata is a low er bound o fX ( b is a upper bound) , pro-

vided that a[ x for allx I X (x [ b for a llx I X ). The set o f a ll low er bounds o fX isw ritten asX
l
( the set o f a ll

upper bounds ofX is w ritten asX
u
) . If the set o f upper bounds o fX has m inima l elements, w e ca ll these ele-

ments the least upper bound and w rite it as CX. C learly D X = D
u H D

u l
. S im ilarly the greatest low er bound is

w ritten as CX. W e know tha t D X and CX may have more than one elemen.t W e w rite | X = {y I L: y [ x for

some xI X } and { X = { yI L: x[ y fo r some x I X }. The fo llow ing resu lts are stra ightforw ard
[ 1]
.

Lemma 1 For a subsetX of a pre-ordered setL, the fo llow ing cond it ions are equ iva len:t

( i) X is d irected;

( ii) | X is d irected;

( iii) | X is an idea.l

Lemma 2 The follow ing cond itions are equ ivalen t forL andX as in Lemma 1:

( i) D X X Á ;

( ii) D | X X Á .

If these condit ions are satisfied, then D X = D | X. M oreover, if every fin ite subset ofX has least upper

bound and ifF denotes the se t of all these fin ite least upper bound, thenF is d irected, and ( i) , ( ii) are equ iva-

lent to

( iii) D F X Á .

Under these circumstances, D X = D F.
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1 Continuous Pre-ordered Sets

Defin ition 1 LetL be a pre-ordered se.t W e say thatx isw ay-be low y, in symbo lsxn y, if and on ly if for

all directed subsetsDAL w ith D D X Á , the relation y I D
u l
a lw ays imp lies the ex istence o f a dI D w ith x [ d.

An element sat isfy ing xn x is called compac.t

By Lemma 1 and Lemma 2, w e know that directed subsetsD in Definition 1 can be substituted by ideals I

and thew ay-be low relation can be de fined equ ivalently by the fo llow ing property:

xn y if and only if fo r every subsetX AL, the relation y I X
ul
a lw ays imp lies the ex istence o f a finite subset

AAX such thatx I A
ul
.

Proposition 1 In a pre-ordered setL the follow ing statemen ts ho ld for allu, x, y, zI L:

( i) xn y imp lies x [ y;

( ii) u [ xn y[ z imp lies un z;

( iii) xn z and yn z imply un z fo r a lluI xD y, ifxD y ex ists in L.

Defin ition 2 A pre-ordered setL is called cont inuous if it satisfies the follow ing cond itions:

( C1 ) For allx I L, the se t T x = { y I L: yn x } is directed in L;

( C2 ) x I (T x )
ul

, for a llx I L.

Example 1 LetX be a setw ith |X |\ T 0. 2
X
is the power set ofX. Def ine a pre-order on 2

X
as fo llow ing:

U, VA 2
X
, U[ VZ |U | [ |V |.

The card inality o fU is deno ted by |U |. Then U< V obv iously impliesUn V. Conversely, ifUn V, then e-i

therU < V, if |V |\ T 0 or U[ V, if |V |< T 0. Thus 2
X
is a cont inuous pre-ordered se.t Th is example a lso im-

plies thatUn V ] U[ V, but the converse is not true.

Proposition 2 ( i) In a pre-ordered setL, the fo llow ing cond itions are equivalen:t

( 1) xn y;

( 2) x I I for every ideal I o fL such that yI I
u l
;

( 3) x I H J (y ), J ( y ) = { II IdL: y I I
ul

}.

( ii) Suppose that there ex ists a directed setDA T x w ith x I D
ul
. Then T x is directed and x I ( T x )

ul
.

Furthermore, yn x if yn x in the pre-o rdered set | x w ith the induced pre-order.

Proof ( i) ( 1) ] ( 2) C learly.

( 2) ] ( 1) : A ssume ( 2) and letD be a directed subset o fL w ith D D X Á and yI D
ul
. Then I= | D is an

ideal and yI D
u l
= I

u l
. Then x I I by ( 2), .i e. there is a dI D such that x [ d. Hencexn y.

Condit ion ( 3) is just a reformulat ion of ( 2).

( ii) Letyn x, zn x. Then y[ dy and z[ d z for some dy, d z I D. P ick dI D such thatdy, dz [ d. Then y[

d, z[ d and dn x. Thus T x is d irected. Ifyn x in | x and x I ( T x )
u l
, then y [ d for some dI T x, so yn x in

L by Proposition 1 ( ii) .

P roposit ion 2 g ives a sufficient cond ition for a pre-ordered setL to be cont inuous. And ifL is a cont inuous

pre-ordered se,t yn x in | xZ yn x in L.

W e say that thew ay-below re lation on a pre-ordered setL satisfies the strong in terpolat ion property, prov id-

ed that the fo llow ing condition is satisf ied fo r a llx, zI L:

( SI) xn z and z (T x )
ul ] v y, xn yn z, y ( T x )

u l
.

W e say that the w ay-below re lation on a pre-o rdered set L satisfies the interpo lation property if and only if

the fo llow ing w eaker condition ho lds for allx, zI L:

( INT) xn z imp lies (v y ) xn yn z.

C learly, ( SI) implies ( INT) ; ifL is a continuous pre-ordered se,t then both cond it ions are equ iva len.t

Theorem 1 LetL be a cont inuous pre-ordered se,t the fo llow ing cond itions hold for allx, zI L:

( i) Ifxn z, z ( T x )
u l
and zI D

ul
for a d irected subsetD o fL, then xn d, d ( T x )

u l
for some element d
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( ii) Ifxn z, z ( T x )
u l
, then there ex ists a y such thatxn yn z and y ( T x )

u l
.

Proof ( i) LetD be a d irected set such that z I D
ul
, and let I= G { T d: d I D }. As L is a cont inuous

pre-ordered se,t I is an idea l as a directed union o f the idea ls T d and I
u l
= D

u l
. F rom xn z, w e now conc lude

thatx I I, that is, there is an e lem entd I D, such thatxn d. As z (T x )
ul
and zI D

ul
, there is an element c

I D w ith c ( T x )
u l

. R eplacing d by a common upper bound of c and d inD, w e have found the desired ele-

men.t

( ii) ChooseD = T z. A sL is a continuous pre-o rdered se,t D is d irected and zI D
ul
. If xn z and z (T

x )
u l
, by ( i) , w e find an e lem enty I D, that is, xn yn z and y ( T x )

u l
.

Proposition 3 Let {L i: iI I } be a fam ily o f continuous pre-ordered setsw ith m in imum element 0i for each

L i, then the d irect product F
iI I

L i is also a continuous pre-o rdered se.t Fo r e lem ents x= (x i ) iI I andy = (y i ) iI I

in F
iI I

L i , the w ay-below re lation is given by xn y if and on ly if xin yi for all iI I and xi = 0i for all but fin ite ly

many iI I.

A function p: Ly L is idempotent if and only ifpp= p. A pro ject ion operator ( shortly pro jection) is an idem-

potent, monotone se l-f map p: L y L. A closure operato r is a pro ject ion c on L w ith 1L [ c. A kernel operator is a

pro jection k on L w ith k[ 1L .

Lemma 3 For a pro jection p on a pre-ordered setL, consider its imagep (L ) in L w ith the induced pre-o r-

der. Then the fo llow ing propert ies hold:

( i) IfX is a subset of p (L ) wh ich D X ex ists in L, then D X ex ists in p (L ) and p ( D L X )A D p (L ) X.

( ii) In add it ion, ifp preserves directed least upper bound, .i e. D f (D ) ex ists in L and f ( D D ) = D f (D )

for every directed setDAL w ith D D X Á , then for every directed subsetDA p (L ) w ith D L D X Á , D p( L ) D X

Á and D L D = D p( L ) D.

Proof ( i) LetX A p (L ) and D L X X Á . F rom x I ( D L X )
l
, w e deduce thatx = p (L ) I [ p ( D L X ) ]

l

for every x I X by themonoton icity and the idempo tency ofp. So p ( D L X )AX
u

p (L ) . Fo r every aI X
u

p (L ) , w e have

aI X
u

L . Then a = p ( a ) I [p (XL ) ]
u
. Hencep ( D L X )AX

u l

p (L ) . Sop ( D L X ) A D p (L ) X.

( ii) IfDA p (L ) is d irected and D L D X Á , then by ( i), p ( D L D ) A D p (L ) D. If p preserves directed

least upper bound, then by idempotence p ( D L D ) = D L p (D ) = D L D and D p (L ) DA p ( D L D ). Hence D L D

= D p (L ) D.

Example 2 In Lemma 3( i) the converse inclusion is not true. Fo r ex-

amp le, L is a pre-ordered se t ( see Fig. 1) and p: Ly L is a projection.

p ( x ) =
x, ifx I X G { a, b };

b, ifx = y.

Then D p( L ) X = { a, b } ¾ p ( D L X ) = { b}.

Theorem 2 LetL be a continuous pre-ordered set and p: L y L a pro-

ject ion and preserves directed least upper bound. Then the image p ( L ) w ith

the pre-order induced from L is a continuous pre-ordered se,t too. For x, y I

p (L ), w e have:

xn p ( L ) y if and on ly if there is an elementuI L such thatx[ p ( u ) and u

n L y.

Proof Let yI p (L ) be g iven. A sL is cont inuous, the set T L y is directed and p ( y ) I D L p ( T Ly ). A s

y I p (L ), w e havey = p (y ). By Lemma 3, w e have y I D p (L ) p ( T L y ). Thus it suffices to prove that p ( u )

n p ( L ) y wheneverun Ly for the con tinu ity o fp (L ). For this, let u be an element ofL such thatun L y. C onsider

any directed subsetDA p ( L ) such that yI D
u l

p( L ) = D
ul

L . A s un Ly, w e f ind a dI D such that u[ d. Then p ( u)

[ p ( d ) = d by the mono ton ic ity and idempo tency o fp. This show s thatp ( u) n p (L ) y. For the second part of the
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cla im, supposex, yI p (L ) and xn p( L ) y. A sy I D
ul

p ( L ) = D
u l

L by the above, there is a uI L w ith un Ly such that

x [ p ( u ). The converse has a lready been shown in the f irst part of the proo.f

A s kernel and closure operators are particular k inds o f pro ject ions, the prev ious resu lts ho ld for images un-

der kernel and closure operators prov ided that they preserve directed least upper bound. The characterization of

the w ay- below re la tion on the image can be simplified as fo llow s:

Remark 1 For a kerne l operator k and a c losure operato r c on a con tinuous pre-ordered setL bo th preser-

ving d irected least upper bound, w e have:

( i) For a llx, y I k (L ), one hasxn k( L ) y if and only ifxn L y.

( ii) For a ll x, yI L, one has xn L y ] c( x ) n c ( L ) c( y ).

2 Scott Topo logy and Scott Continuous Functions on Pre-ordered Sets

Defin ition 3 A subse tW o f a pre-o rdered setL is ca lled Sco tt closed if for every directed setDAW w ith

D D X Á in L, w e haveD
u l

AW. The complement of a Scott closed set is ca lled a Scott open se.t The co llect ion

of a ll Scott open subsets on L w ill be ca lled the Sco tt topo logy ofL and w ill be deno ted by R (L ).

Remark 2 ( i) A Sco tt closed set is a low er se.t

( ii) clR {x } = | x. R (L ) is no t aT 0 topo logy.

( iii) A setU is Sco tt opened if and on ly if it is an upper set and Á X D DA U impliesD H UX Á for a lld-i

rected setsDAL.

( iv) IfL is a continuous pre-o rdered se,t then all setQ x ( x I L ) are Scott open.

( v) A subsetX o f a pre-ordered set L has the property ( S) provided that the fo llow ing condition is satis-

fied:

If Á X D DAX for any d irected setD, then there is a y I D such that x I X for a llxI D w ith y[ x.

A set is Sco tt open if and on ly if it is an upper set satisfy ing ( S) .

Proposition 4 Le tL be a continuous pre-ordered se.t

( i) An upper setU is Sco tt open if and only if for everyx I U there is a uI U such that un x.

( ii) The set of the form Qu, uI L form a basis for the Scott topo logy. In particu lar, each po in tx I L has a

R (L ) ne ighbo rhood basis consist ing of the set Q u w ith un x.

Proof ( i) The necessity is imm ediate ly from Definition 2 and Remark 2 ( iii) . Converse ly if for every xI

U there is a uI U such that un x, then U is union of the sets Q u, u I U, w hich is Scott open by Remark 2

( iv), hence U is Scott open.

( ii) is immed iate consequence o f ( i) .

Theorem 3
[ 2]  Let f: M y Z be a function betw een pre-ordered sets. The fo llow ing cond itions on f are e-

quivalen:t

( 1) The inverse image o f each Scott closed subset o fZ is Scott closed;

( 2) The inverse image o f each principle ideal ofZ is Sco tt closed;

( 3) Fo r each directed subsetD o fM such that D D X Á , w e have f (D
u l

)A ( fD )
u l
;

( 4) Fo r each directed subsetD o fM such that D D X Á , w e have f ( D D ) A D (fD ).

Defin ition 4 A function f: S y T betw een pre-ordered se ts is Scott continuous if and on ly if it satisfies the

equ iva lent conditions Theorem 3 ( 1) , ( 2) , ( 3) , ( 4) . The catego ry w hose objects are continuous pre-ordered

sets and whose morphism s are Scott continuous functions w ill be denoted by CPRSET.

Example 3 A Scott cont inuous function f: M y Z betw een pre-ordered sets does no t necessarily preserve

directed least upper bound. For example, letM be a pre-ordered set ( descr ibed in Fig. 2) and f: M yM is a

Sco tt cont inuous funct ion: f ( i ) = i, i= 3, 4, 5; f ( 1) = f ( 2) = 2. C learlyM is a directed set and D M = { 1, 2}.

But f ( D M ) = {2} X D f (M ) = { 1, 2}.

Theorem 4 The category POSET ( ob jects are posets and morphism s are Scott continuous functions) is a

)19)
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