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1 Variational Incluisions and Prelm naries

V ariatbnal nclisbns poblens are anong the most nteresting and ntensively studied c hsses ofmathen at+
cal problen s and have w ide applicatbns n he fields ofmechanics physics optm ization and contro] nonlnear
progranm ing econam ics and ftransportation equilibrum, and engmneering sciences eic For the past years
many exitence resuls and iteratwve algorihms for various varatonal nequality and variational inclisbns prob-
lan s have been sudied For details we can refer to [ 1-6] and the references therein

In the presentwork our siudy is motwated by Refs [ 14]. In this paper we shall ntroduce and study a
new systam ofg— —accretve mapp ng nclisions n Banach spaces Using the resolvent operator techn fue for g—

—accretivemappngs we prove the existence and untueness of the solitbns for this systen of g— —accretive

mapping nclusions W e also constuct anew Ishkawa iteratve akoritm for solving this system ofg— —accretive
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mapping nchisbns and discuss the convergence of iteratve sequence generated by the algoritm The results
presented n this paper generalize and mpwve the recent correspond ng results variational nequalities( nclr
sons) poblems n Refs[ 1-4].

Throughout this paper letX be a real Banach space w ith dual spaceX | , be he dual pair be-
weenX andX , 2 denote the fam ily of all the nonenpty subsets ofX. The generalized duality mapp ng J,: X
2" is defined by

W) ={f X:xf = x "% f =« ") aX
where ¢> 1 is a constant

Lenma 1" LetX be a real unifom ly snooth Banach space ThenX isg—unifom ly snooth if and only if
there exists a constantC,> Q such that for ally, y X,

x+y ! x "+qyl,(x) +C, vy '

Definition 1 LetX be a ¢-unifom ly snooth Banach space and7, A: X X be wo sngle-valued map-
pings ThenT is said to be

(1) accretive if T(x)-T(y), J,(x—v) 0 xy X

(1) (, )-relaxed cocoercve with respect oA, if there exist constants , > O such that

T(x)-T(y).J,A(x)=A(y)) - T(x)=-T(y) "+ a-y"  xy X;
(1)) -Lipschitz continuous if there exists a constant > O such that
T(x)=T(y) -y, %y X

Definition 2 Let :X X X andg:X X be single-valued mapp ngs M: X 2 be setvaluedm app ng
Then
(1) issaid to be —Lipschitz continuous if there exists a constant > 0 such that
(x,y) x-y , %y X
(1) g issad to ber—strongly —accretve if there exists a constant r> O such that
glx)-g(yhJy (xy) 2 x-y " xy X

(i) M is said to be —accretve if

u=yJo( (xy)) Q@  xy X, uw M(x) v M(y)
(iv) M is said to be g —accretve ifM & -accretive and (g+ M ) (X )=X brall >0
Lenma 2° Letg: X X be arstrongly —accretve mapping :X X X be —Lipschitz contnuous

andM:X 2 be an g— —accretvem apping Then the resolvent operator Ry, : X X is—r—L pschitz continuous
1 e,
Ry, (x) —Ru, (yv) 7 x=y , %y X

Lenma 3% Let {a,}, {b.] be wo nonnegative real sequences satisfyng the follow ing conditon there

exists a natural nunberny such that

A+ 1 ( 1_ by ) a, + bn tn;. n no,

where ¢, [Q 1], L= nl'mb,, = 0. Thena, O(n ).

n= 0
LetX be a real g-unifom ly smooth Banach space S; T, g X X, + X X X (i=1 2) be nonli

ear single-valied mapp ngs Suppose thatM : X 7 begi— —accretve mappings (i= 1L 2). Now we consider
the follow ing prob lan:

Fndx, y X such that
0 gi(x)=gi(y)+ 1(Si(y)+Ti(y))+ Mi(x),
0 ga(y)—ga(x)+ 2(Sa(x)+Ta(x))+ Ma(y),
where ;> 0(i=1 2) are wo constants Problan (1) is called a systam ofg— —accretivemapping nclusions in
2
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Banach spaces
For a suitable chotes of themappings Si, So, T1, T2, g1, g2 1, 2 M1,M, and the spaces X, problan (1)
ncludes many system of varatonal mequality( inc ison) problen s as special cases see for exemple[ ™ and the

references theren

2 MamResults
Lemma 4 (x y) is a solution of problem (1) if and only if (x y) satisfes the Hllow ng relation
x=Ri, [gi(y)= 1(Si(y)+Ti(y))]. >0

y:Rf[’lz z[gz(x)— Z(Sz(x)+T2(x))], 2>0
Proof This directly follows friun Defnition of resolvent operatorRy, .

(2)

Algoritm 1 For atbitrarily chosen nitial pontxy X, campute the sequences {x, }, {v.} such that
Xn+ 1= (1_ n)xn,+ nR;’lll l[gl (yn)_ I(Sl (yn)'l'Tl(yn) )]7
Yn= (1_ n)xn+ nR;fIZZ z[gZ(xn)_ Z(SZ(xn)""TZ(x/L))])

where { .}, { ) [Q1), n Q
Theoren 1 LetX be agunifomly snooth Banach space Fori=1 2 let + X X X be —Lipschitz

contnuous mappngs g:X X ber—stongly ~accretve and a~L pschitz conthuous mappngs M ; X 2 be
gi— —accretvemappings LetS: X X beb-Lipschitz conthuous T: X X be( ;, ;)-relaxed cocoercive w ith
respect o g; and ~Lipschiz contnuous If there exist constants ;> O such that

1
(1) 0<Tll|:(aq1—q Lt g o 1+4C Y 1)+ bl <1

1
(i) 0<72(a§—q 22t q 22 3+ C 5 3)T+ abh< |
2

where C, is the constant as n Lenma 1 Then pwoblem (1) has a unique solitbn
Proof For any given ;> 0(i= 1 2), defne amappng F: X X as follws

F(x)=Ri' [gi(y)= (Si(y)+Ti(y))]. (3)
wherey =R\, ,[g2(x) = 2(Sa(x)+T2(x))], x X
For allx, x» X, it folbws fran (3) and Lemm a2 that
F(x1)-F(x2) R, [gi(yi)= (Si(y)+Ti(n))]-
Ry, [gi(y2)= (Si(y2)+Ti(y2))]

Tll( gi(yi)=gi(y2)= (Ti(y1)=Ti(y2)) + 1+ Si(yn)=Si(y2) ) (4
By assumptions we have
gi(yi)=gi(y2)= (Ti(y1)=Ti(y2)) "
g(yi)=gi(y2) "=q 1 Ti(y)=Ti(y2) J,(Ai(y1)=Ai(y2)) +Cp 7 Ti(y1)=Ti(y:) '

(at—qg 1 1i+qg 1 1+C, 1 1) yvi—v ° (5)
Si(y1) =Si(y2) bi yi-y2 . (6)

Canbining (4) - (6), we have
F(xi)=F(x2) (14 b)) yi=p . (7)

q q ¢ ¢t
where 1= (a1-¢ 1 1+q 11 1+C, 1 )"

S ilarl, we can prove that
Yi— Y2 r_z( 2+ 2112) xX1— X2 (8)
2

1
q q q 1T\
w here 2:((L2—q 2274 2 2 z+C,, 2 2)‘1.



( ) 32 2 (2009 )

By (7) and (8), we have
F(xl)—F(xz) hihy x1—2x5 (9)
wherehllel( + b)), hZ:Tj( 2+ ab ).
It follows fran conditions (1) and ( i) thatO< h;< 1 (i= 1 2). Thus (9) inplies thatF is a contractive
mapping Hence by the Banach contraction princpe there ex bis a uniquex* such thatx :F(x* ). Let
Y =R, [g:(x )= 2(Sa(x )+ Ta(x ))].
Fran the defnition ofF, we have

¥ =R Ay )= Sy )+Ti(y )]

Y =RE L[As(x )= o(Sa(x )+Ta(x )]
It bllows fom Lemma 4 that (x* , y* ) is the unque solution of problan ( 1). This campktes the proof
Theoran 2 Fori=12 let , g, S; Ty M; andX be the sane as nTheoran L and let cond ition ( i)
and (i) and ofTheorem 1 holl Let the iteratve sequences {x, }, {y.} are generated by A lgorithm 1 and satis-
fies
0= . Im(l- ) =10 (12)
Then the iteratve sequences {x, }, {y.] convemges strongly to he uniue solution (x , y* ) ofproblem (1).
Proof since (x*, y ) be the solution of problen (1), ApplngAlgoritm 1 and Lenm a4 we have
woer=x = (1= ) (x=x )+ W (RY e (n) =  (Si(y) +Ti(ya)) ] -
i, gi(y )= a(Si(y J+Ti(y ))])

(1= ) m=a 4 s @) =a (Y )+ (i) + Ta(3)) = (Si(y )+Ti(y )]

1

* 1

(1= ) w=x o+ (o Si(ya)=Si(y ) + g(n)-g(y )= (Ti(y.)=-Ti(y )) )

(11)
Snceg; isa-Lpschitz contnuous T, be ( , | )-rehxed cocoercive with respect to g1 and —Lipschitz

contnhuous we have

gily)-gi(y )= (Ti(v)=Tily ) " gilv)=gi(y ) "=q 1 Ti(y)=Ti(y ),
Jotgi(y)=gi(y ) +C. % Ti(y)=Ti(y ) " (di-g ii+qii+C 1 59 yi—y "
(12)
SnceS; is —Lipschiz contihuous we have
Sily,)=Si(y ) b w-y . (13)
By (11) - (13), we obtan
X, - % (1- ,) x,-x + ,,r—1(1+ b)) y—y (14)

q q ¢ ¢t
where 1= (ai—-q 1 1+q 11 1+C, 1 1)".
Smilark, by Algorithm 1 and condition ( iii), we can prove hat

yn_y* (1_ n) xn_y* + "Tz( 2+ 2b2) x"—x*
2
(1- ) Xo—X o+ . x—x 4+ (1- .) x*—y*

s

P +(1- ) x -y (15)
1
w here 2:(0,%—(] 22+ q 2 2 %+C,I %J%)".
It bllows fom ( 14) and ( 15) that
+t2a1=x + 1 [1=A(l=h )]+ % —-x + + Ah(1-B )L (16)
)o foe
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S
wherehlle(H+ Qxy ).

* h
Leta,=+2%,-x +, t=A(1-h), b= ﬁ(l— B, )L. It is easy to verify that the cond itions of
- h

Lenma 3 are satisfied Thus by (16) and Lenma 3 we havemli}la,lz(l ie, +a - + y O(ny | ).
And by (15), we also obtan that+ y”—x* + vy O(ny | ).
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Renark 1 Theorans 1 and 2 generalized and mprove the corresponding results n [ +4].
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