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[摘要 ]  考虑在经典风险模型中, 假设索赔分布函数尾部是正规变化函数, 首先求出正规变化函数 n重卷积尾

部的二阶展开式, 再利用著名的 Beekm an卷积公式,得到破产概率的二阶展开式.从而使保险公司更清楚地了解

自己的偿付能力.

[关键词 ]  经典风险模型, 破产概率,平衡分布函数, 正规变化函数, n重卷积

[中图分类号 ] O211. 6 [文献标识码 ] A  [文章编号 ] 1001-4616( 2009) 02-0036-05

Second-Expansion ofRuin ProbabilityW ith Regular Function Tails

Su Huilin
1
, W ang X iaoqian

2
, H e Lei

3

( 1. Inst itute of S cien ce, PLA U n ivers ity of Science and T echnology, N an jing 211101, Ch ina)

( 2. Schoo l ofM athem at ical Science, Nan jing Norm alUn iversity, Nan jing 210097, Ch ina)

( 3. Engin eering In stitute of Corps ofE ngineers, PLA Un ivers ity of S cien ce and Technology, N an jing 210007, C h ina)

Abstrac t: In th is paper, w e cons ide r the c lassical risk m ode.l A ssum ing that the ta il o f cla im-size is regular var iation.

F irst w e get second-expansion of the n-fo ld convo lution tails of regular ly va ry ing func ion, then using famous Beekman. s

form ula, w e get the second-expans ion o f ru in probabilities, so the insurance com pany can know own com pensa tion ability

w el.l
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  本文考虑的经典风险模型具有如下结构:

( 1) 索赔过程 {X i, i \ 1}, 其中 X i > 0,且具有共同的非格点分布函数 F,均值 L= EX < ] , 方差 R
2

= var(X ) < ] .

( 2) 在时间区间 [ 0, t]中的索赔次数N ( t)是一个与 {X i, i\ 1}独立的强度为 K的齐次 Po isson过程.

( 3) 设保费率为 c > 0,风险过程定义为 {U( t) = u + ct- E
N ( t)

i= 1
X i, t\ 0}, 其中 u为保险公司的初始资

金.

记 S ( t ) = E
N ( t)

i= 1

X i,表示至时刻 t为止的索赔总额.

由模型的独立性假定知:

E [ S ( t) ] = E [N ( t ) ] # E [X 1 ] = KLt,

所以

E [ U( t ) ] = u + ct - KLt.
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保险公司为运作上的安全,要求 c > KL,一般取 c = ( 1+ Q) KL,即要求相对安全负荷条件 Q=
c - KL
KL

> 0.

破产概率可以通过风险过程 U( t)定义为:

7 ( u) = P ( u + ct- S ( t ) < 0, v t \ 0).

与这一领域的许多研究文献一样,我们的兴趣主要集中在重尾索赔上, 假设 �F ( x )是正规变化函数.

定义  若定义在 ( 0, ] )上的正值函数 F对任给的 x > 0有,

lim
ty ]

�F ( tx )

�F ( t)
= x

- C
, Px > 0, ( 1)

则称 �F为正规变化函数, 记 �F I Rv (- C).

从 ( 1)式知
[ 1]
, P E

n

i= 1
X i > x ~ P ( max

1[ i[ n
X i > x ), x y ] .

由文献 [ 2]知:

�7 ( u ) =
Q

1 + QE
]

n= 0
(1 + Q)

- n
F

n*
I ( u ),

其中 F I ( x ) =
1
L Q

x

0
�F (y ) dy ( x \ 0)称为分布 F的平衡分布函数.

7 ( u ) =
Q

1 + QE
]

n = 0
(1 + Q)

-n
F

n*
I ( u ). ( 2)

定理  若 F I是正规变化函数,则 7 ( u) ~
1
Q
F I ( u ), u y ] .

证明  见文献 [ 3] .

1 相关引理

引理 1 假设一非负随机变量 X具有正规变化尾部 �F I Rv( - C), C> 0, 则

EX
B
< ] , B< C;

EX
B
= ] , B> C.

引理 2 若 �F I R v( - C), C> 0且 lim
xy ]

�G (x )
�F (x )

= A > 0,则 �G I R v( - C).

记 m E = m in
0< u[ E

( 1 - u)
-C

- 1

ru
, M E = m ax

0 < u[ E

(1 - u )
- C

- 1

ru
.

因为当 u y 0时, (1 - u )
- C

- 1 ~ Cu,所以有

lim
Ey 0

m E = lim
Ey 0

M E = 1.

设 F (x ), G (x )是两个非负随机变量 X, Y的分布函数,记尾部

�F ( x ) = 1 - F ( x ), �G ( x ) = 1 - G ( x ),

所以

F* G ( x ) = k
u+ v> x

F ( du)G ( dv) = Q
x

0
�G ( x - u )dF ( u) + �F ( x ),

故

F* G (x ) - �F (x ) - �G (x ) = Q
x

0
�G (x - u ) dF ( u ) - �G ( x ).

令上式中 u = vx,再给定任意的 EI 0,
1

2
.

F* G (x ) - �F (x ) - �G (x ) = Q
1

0
�G (x (1 - v) )F ( xdv) - �G ( x ) =

Q
E

0
+ Q

1- E

E
+ Q

1

1- E

�G ( x ( 1 - u) )F ( xdu) - �G ( x )F ( xE) -

�G (x ) [F (x (1 - E) ) - F ( xE) ] - �G ( x ) [F ( xE) - F (x (1 - E) ) ] - �F ( x )�G ( x ) =
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: I1 (x ) + I2 ( x ) + I3 ( x ).

其中

I1 ( x ) = Q
E

0
[�G ( x ( 1 - u) ) - �G ( x ) ]F (xdu ), ( 3)

I2 ( x ) = Q
1- E

E
[�G (x (1 - u ) ) - �G (x ) ]F (x du ) - �F (x )�G (x ), ( 4)

I3 ( x ) = Q
1

1- E
[�G ( x ( 1 - u ) ) - �G ( x ) ] F ( xdu ). ( 5)

又

I3 ( x ) = Q
1

1- E
[�G ( x ( 1 - u ) ) - �G ( x ) ] F ( xdu) =

k
0[ 1-u < v [ E

F ( xdu)G ( xdv ) + [F (x ) - F (x (1 - E) ) ] [G ( x ) - G ( xE) ] =

Q
E

0
G (xdv) Q

1

1- v

F ( xdu ) + [F ( x ) - F ( x ( 1 - E) ) ] [G (x ) - G (xE) ] =

Q
E

0
[�F (x (1 - v) ) - �F ( x ) ]G ( xdv) + [�F ( x ( 1 - E) ) - �F (x ) ] [�G (xE) - �G ( x ) ].

引理 3 若 �F, �G I Rv ( - C), C> 0,则有

lim
xy ]

I2 ( x )

�F ( x )�G ( x )
= C# Q

1- E

E
[ (1 - u)

- C
- 1] u

-C- 1
du - 1. ( 6)

证明  P G > 0, v x0 > 0, 使得

|
1

�F (x )
# Q

1- E

E

�G ( x ( 1 - u ) )

�G ( x )
- (1 - u )

- C
F ( xdu) | [ G# F ( x ( 1 - u ) ) - F ( xE)

�F ( x )
, Px \ x0.

因此

lim
xy ]

sup 1
�F (x )

| Q
1- E

E

�G ( x ( 1 - u ) )
�G ( x )

- (1 - u )
- C

F ( xdu) | [ G# [ E
- C

- ( 1 - E)
-C

] .

令 G y 0, 则有

lim
x y ]

1
�F (x ) Q

1-E

E

�G (x (1 - u ) )
�G ( x )

- ( 1 - u)
- C

F ( xdu ) = 0, PEI ( 0,
1
2
).

由分布积分得:

Q
1- E

E
(1 - u )

- C
F ( xdu ) = ( 1 - u )

- C
F (xu ) |

1- E
E - Q

1- E

E
F ( xu ) d( 1 - u)

- C
=

( 1 - E)
-C
�F (xE) - E

-C
�F (x (1 - E) ) + Q

1- E

E
�F ( xu) d( 1 - u )

- C
.

从而

1

�F (x ) Q
1-E

E
[ ( 1 - u )

-C
- 1]F ( xdu ) =

[ ( 1 - E)
-C

- 1] # �F ( xE)
�F (x )

+ ( 1 - E
- C

)# �F ( x ( 1 - E) )
�F ( x )

+ Q
1- E

E

�F ( xu )
�F ( x )

d( 1 - u)
- C y

[ (1 - E)
- C

- 1] E
- C

+ ( 1- E
- C

) ( 1 - E)
-C

+ Q
1-E

E
u
- C
d(1 - u )

- C
=

(1 - E)
- C

- E
- C

+ CQ
1- E

E
( 1 - u )

- C
u
- C-1

du =

CQ
1-E

E
[ ( 1 - u )

- C
- 1] u

- C- 1
du ( x y ] ).

由 ( 4)式知

I2 ( x )

�F (x )�G ( x )
=

1
�F ( x ) Q

1- E

E

�G ( x ( 1 - u) )
�G ( x )

- 1 F ( xdu ) - 1 =

1

�F ( x ) Q
1-E

E

�G ( x ( 1 - u ) )

�G ( x )
- (1 - u)

- C
F ( xdu) +

1

�F ( x ) Q
1- E

E
[ (1 - u )

- C
- 1]F (xdu ) - 1 y
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CQ
1- E

E
[ ( 1 - u )

- C
- 1] u

- C- 1
du - 1 (x y ] ),

所以 ( 6)式成立.

2 主要结论

定理 1 若 �F I R v( - C), C> 1,且 lim
xy ]

�G ( x )

�F ( x )
= A> 0,则

lim
xy ]

F* G (x ) - �F (x ) - �G (x )

x
- 1
�F (x )

= C( AEX + EY). ( 7)

证明  假设有两个非负随机变量 X, Y,且 X ~ F, Y ~ G.

因为 �F I Rv (- C),所以 lim
xy ]

�G (x )
�F (x )

= A> 0.

由引理 2知: �G I Rv (- C).又 C> 0,易知 EX < ] , EY < ] , lim x�F ( x ) = 0, lim x�G (x ) = 0.所以

[ 1 + o ( 1) ]m ECQ
E

0
uF ( xdu ) [

I1 ( x )

�G ( x )
= Q

E

0

�G ( x ( 1 - u ) )

�G ( x )
- 1 F ( xdu) =

[ 1 + o (1) ] Q
E

0
[ ( 1 - u )

- C
- 1]F ( xdu ) [ [ 1 + o ( 1) ]M ECQ

E

0
uF (xdu ).

令 v = xu,则

[ 1 + o (1) ]m ECQ
Ex

0
vF ( dv) [

x I1 ( x )

�G ( x )
[ [ 1 + o (1) ]M ECQ

Ex

0
vF ( dv ).

令 x y ] , 则

mECEX [ lim
xy ]

inf
xI1 (x )

�G (x )
[ lim

xy ]
sup

x I1 ( x )

�G ( x )
[ M ECEX.

同理可知

m ECEY [ lim
xy ]

in f Q
E

0

�F ( x ( 1 - u ) )
�F ( x )

- 1 G (xdu ) [

lim
xy ]

sup Q
E

0

�F (x (1 - u ) )

�F (x )
- 1 G ( xdu ) [ M ECEY,

因此

m ECEY [ lim
xy ]

inf
xI3 (x )

�F (x )
[ lim

xy ]
sup

x I3 ( x )

�F ( x )
[ M ECEY.

而且由引理 3知

lim
x y ]

x I2 (x )

�F (x )
= lim

x y ]

x I2 (x )

�F (x )�G (x )
�G (x ) = 0.

所以

m EC( AEX + EY) [ lim
xy ]

in f
F* G (x ) - �F (x ) - �G (x )

x
- 1
�F (x )

[ lim
xy ]

sup
F* G ( x ) - �F ( x ) - �G ( x )

x
- 1
�F ( x )

[

M EC( AEX + EY).

令 Ey 0,则得到 ( 7)式.

推论 1 若 �F I R v( - C), C> 1,则

F
n*

( x ) = n�F ( x ) + [ n ( n - 1)CEX + o ( 1) ]x
- 1
�F (x ). ( 8)

证明  在 ( 7) 式中取 G = F,此时 A = 1, E Y = EX,则

F
2*

( x ) = 2�F ( x ) + [ 2CEX + o (1) ] x
- 1
�F ( x ).

在 ( 7)式中取 G = F
2*
, 此时 A = 2, E Y = 2EX,则

F
3*

( x ) = �F ( x ) + F
2*

( x ) + [ 4CEX + o (1) ] x
- 1
�F ( x ) =

3�F ( x ) + [ 6CEX + o (1) ] x
- 1
�F (x ).

在 ( 7)式中取 G = F
3*
,此时 A= 3, E Y = 3EX,则
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F
4*

( x ) = �F ( x ) + F
3*

( x ) + [ 6CEX + o (1) ] x
- 1
�F ( x ) =

4�F (x ) + [ 12CEX + o( 1) ] x
- 1
�F ( x ).

依次类推知 ( 8)式成立.

本文考虑的风险模型假设索赔分布函数尾部 �F I R v( - C), R
2
= var(X ) < ] ,则由引理 1知: C> 2,

且由 K aram ateTh知, F I I R v( - C+ 1),因此 C- 1 > 1.

定理 2 若索赔尾分布 �F I R v( - C), R
2
= var(X ) < ] ,则

7 ( u) =
1
Q
F I ( u ) +

1

LQ
2

F I ( u )

L
EX

2
+ o ( 1). ( 9)

证明  因为 �F I R v( - C), 所以F I I R v( - C+ 1), C> 2.

由推论 1知:

F
n*

I ( x ) = n F I ( x ) + [ n ( n - 1)CEZ + o ( 1) ]x
- 1

F I ( x ),

其中正随机变量 Z ~ F I, 故

EZ = Q
]

0
zdF I ( z ) =

1

L Q
]

0
z�F ( z ) dz =

1

L Q
]

0
dF ( y ) Q

y

0
zdz =

1

2L
EX

2
,

所以

F
n*
I ( u) = n F I ( u ) + n ( n - 1)C

1
2L
EX

2
+ o( 1)

F I ( u )

u
.

由 ( 2)式知:

  7 ( u ) =
Q

1 + QE
]

n = 0
( 1 + Q)

-n
F

n*
I ( u ) =

Q
1 + Q

F I ( u ) E
]

n = 0
n( 1 + Q)

- n
+

Q
1 + Q

CEX
2
F I ( u)

2L# u E
]

n= 0
n ( n - 1) ( 1 + Q)

-n
+ o ( 1). (10)

易知:

E
]

n = 0
n( 1 + Q)

- n
=

1 + Q
Q
2 , (11)

E
]

n = 0

n( n - 1) ( 1 + Q)
- n

=
2( 1 + Q)

Q
3 . (12)

将 ( 11)、( 12)代入 (10)式中即可得 ( 9)式.
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