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Abstract In this paper sane identities are established br the weighted generalized inverses of the matrk pwoduct
where the weights are mvertble
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(1) (AB)y~x = (A" AB)in(ABB’ )i, 1,
(2) (AB)uy = ((A") B)in(B"A") (AB") )u:s
(1) K=A"AB  (AB)uyx . 2 (AB)M (AB), (AB)N"'(AB)
Hemitian , r(AB) = r((AB) M (AB)) = r( (AB)N '(AB) ).
,KN"' K =A"ABN '(AB) (A")  Hemitian
r(AB) = r(AA" ABN"'(AA" AB) ) < r(KN"'K )< r(K) <r(AB), r(K)=r(KN"'K ).
2 Kiv . (A"AB)ix
r(S)=r(SM S), (ABB" ).,
r(ABB" ) = r(AA" ABB" ) < r(A" AB) = r(A" ABB" B) < r(ABB" ),
r(ABB" ) = r(A"AB) = r((A"AB) (A"AB)) = r(B A" AB) = r(ABB* A ).
1

AB(B A" AB)'"B A" ABB* A" (ABB" A" )'""AB = AB. (5)
(A" ABN"'(A*AB) )" A" (ABN"'(AB) )""A, ((ABB" )M ABB')'"" B((AB)
M AB)""B, (5)
(A" AB )iy =N '(AB) (ABN '(AB)" )""AB(B A® AB)'"B A" A,
(ABB ). = BB"A (ABB"A )"’AB((AB) M AB)"” (AB) M .
(4) 1 (1)

(2) K= (A") BS=A(B"),
KN''K = ((A") A"AB)N"'((A") A"AB) = ((A") A")ABN '(AB) ((A") A"),
,KN"'K  Hemitian SM S Hemitian

AB=AA (A'") B=AA K=A(B" ) B B=SB B. (6)
(5) (6
r(AB) = r(ABN"'(AB) ) = r(AA" KN"'K AA ) <
r(KN'K ) <rK)=r((A") A" AB) < r(AB),
r(KN"'K ) = r(K) (SM S)=r(S)
2 Kijn=((A") B)ix Sii= (AB" ) )u:
A" B)=r((A" B) A" B) = (B A"A" B)
(AB” ) = r(AB" (AB" ) )= r(AB" B" A ),
1
A" BB A"A"B))"B A"A" B=B, AB" B°A (AB" B'A )"AB" = AB". (7)
(A" BN'B'A" )" = ((AA” )" ABN"'(AB)" (AA" )")"V  AA" (ABN'(AB) )'"AA",
(BPA'M AMB') )" = (B B) (AB)M AB(B B)" )"" B B((AB)'M AB)""B B,
3
((A*) " B)iyn =N'(AB)" (ABN"'(AB)" )'""AB(B A" (A" ) B)'"B A",
(A(B*) w:1=B A (A(B") BPA )"AB((AB)’ M AB)"" (AB)' M,
(7) 1 (2
2 AECC'” BEC™ CcE€C”™, (ABC)un
(1) (ABC)y,x = (A" ABC );x B(ABCC" )y, 1,
(2) (ABC)unx = ((AB)" ABC);x B* (ABC(BC)" )1
(3) (ABC)u.x = ((ABB" )" ABC )iy B(ABC(B' BC)" )y, 1.
(4) (ABC)y,x = (A" BC)ix A" BC" (ABC" )u.s
(5) (ABC)u,y = ((AB” )" ABC);x B BB (ABC(B* C)" )i 1
(6) (ABC)y,y = ((AB)" C)in(AB)" B* (BC)" (A(BC)" )u.
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(ABC )y x 2 , (ABC))M (ABC) (ABC)N '(ABC) H em itian
r((ABC)’M (ABC)) = r((ABC)N '(ABC) ) = r(ABC).
(1) K=A"ABG S = ABCC', KN 'K = A" ABCN '(ABC) (A")  Hem itian
,r(KN"'K ) <r(K) < r(ABC),
r(KN"'K ) 2 r(AKN"'K A" ) = r(ABCN" ' (ABC  )) = r(ABC),
,r(KN"'K ) = r(K). 2Ky = (A" ABC )ix
SM S Hemitim r(SM S)=r(S), Si.1 = (ABCC" )y,
(A" ABCN '(A* ABC)" )" A" (ABCN™'(ABC)" )" A,
((ABCC" ) M ABCC" )"’ C((ABC)' M ABC)'"(C
3
(ABC )y.x = N"'(ABC) (ABCN ' (ABC) )'""ABC((ABC) M ABC)"” (ABC) M, (8)
(A" ABC)ix = N"'(ABC)" ((ABC)N ' (ABC) )"ABC((BC) A" ABC)'"" (BC) A* A, (9)
(ABCC" )y.1 = CC* (AB)" (ABCC" (AB) )'"ABC((ABC) M (ABC))"” (ABC) M , (10)
(9) (10) (1) (8)
ABC((BC) A" ABC)"” (BC)" A® ABCC" (AB) (ABCC' (AB)" )'"ABC = ABC (11
r(ABC) = r(AA" ABC) < r(A* ABC) = ((BC) A" ABC) < r(ABC),
r(ABC) = r((BC) A" ABC),
1

ABC((BC) A" ABC)"” (BC)" A" ABC = ABC. (12)
ABCC' (AB) (ABCC' (AB)" )'""ABC = ABC. (13)

(12)  (13) (11) . 2 (1)
(2) K= (AB)" ABC, S = ABC(BC)". 2 (1) , KN''K,SM S

Hem itan ABC = AB(AB)" ABC = ABK
r(ABC) = r((ABC)N ' (ABC) )= r(ABKN"'K (AB) )< r(KN"'K ) < r(K) < r(ABC),

r(KN"'K ) = r(K). (SM S)=r(S)
2 .Kiv = ((AB)" ABC);x Si1= (ABC(BC) )i
(1) . (4 ((AB)" ABC )iy (ABC(BC)" )u..

((AB)" ABCN™'((AB)" ABC)" )'”  (AB)" (ABCN™'(ABC) )" AB,
((ABC(BC)* )" M ABC(BC)")'"" BC((ABC) M ABC)'’(BC) .

((AB)" ABC);y (ABC(BC)" )y , : 2 (2) :
(3) K= (ABB" )" ABC, S = ABC (B" BC )", 2 (1) , KN 'K
SM S H em itian ABC = ABB' (ABB" )" ABB" BC = ABB" K,

r(ABC) = r(ABCN '(ABC) ) < r(KN"'K ) < r(K) < r(ABC).
r(KN'K ) = r(K).

ABC = ABB" BC = ABB” BC(B" BC)" B" BC = SB" BC, r(SM S)=r(S)
2 ,Kix = ((ABB" )" ABC);x Si.1 = (ABC(B" BC)" )u..
(4) ((ABB" )" ABC );x (ABC(B" BC)" )u..

((ABB' )* ABCN ' ((ABB* )" ABC) )'” (ABB') (ABCN '(ABC) )'"ABB’,
((ABC(B' BC)' )M (ABC(B* BC)"))'"" B BC((ABC) M (ABC))"” (B BC) ,

((ABB" )" ABC ),y (ABC(B" BC)" )u.. , (3) , (1)
2 (3)

(4) ~ (6) 2 (1) (2) (3)

(4



(A" BC(N"'(A" BC) )"" AA" (ABCN '(ABC) )'"AA’,
((ABC” ) M ABC' )" cC ((ABC)' M ABC)'’cCC .
(S) ,
((AB” )" ABCN '((AB" )" AB) )" B' A" (ABCN '(ABC) )'"AB",
((ABC(B* C)" ) M ABC(B" C)")"" B" C((ABC) M ABC)""C B".
(6) ,
((AB)" CN"'((AB)" C) )" AB(AB) (ABCN '(ABC) )'"AB(AB) ,
((A(BC)" )M A(BC)” )" (BC) (BC)((ABC)M A(BC)" )" (BC) (BC).
(4) ~ (6) :
[6] ( 12)

FARARET 5% 27 BN, HA A B IEH 7k, LA SUR 7 B R KRS, AL, 3

TR RT s Bt A3 R

[4]

[5]

[ 6]

[ 7]

[ 8]

[ |

AdiBenIsrae] ThomasN E Greville Generalized Inverses Theory and A pplicatons[M ]. 2nd ed Nev York SpringerVer
hg 2003
. [M]. : , 2005

W ang Guorng Zheng Bng The reverse order lav for the generalized inverseA;, s| J]. Applied M athem atics and Computa
ton, 2004 157(2): 295-305.
M edhat A Rakha On theMoore-penrose genemalized nvesematrix| J|. AppliedM athen atics and C an putation, 2004 158
(1): 185200

SunWenyw WeiY min Triple revese-orer law forweghted generalized nvemses| J|. AppliedM athan atics and Computa
ton, 2002 125(2/3): 221229

Tian Yongge Cheng Shizhen Sane identities form oore-penwse nvewses of matrx products| J]. L near and Mu ltilinear A +
gebra 2004 52(6): 405420

Campbell SI, M eyer Jr C D. Generalized nverses of linear transformations corrected reprint of the 1979 origmallM |. Nev
Yok Dover Publicatons Ing 1991

Yuan W angui Liao Zuhua The generalzed m oore-penmwse nverses ofmatrices over rings| C| // The Proceed ngs of the Sew

enth Intematnal Conference on M atrix Theoty and A pp licatons Liveipool World AcademicUnibn 2006 289-292



