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Abstract:In this paper,based on second-order Fourier spectral differentiation matrix D, to approximate the second deriv-
ative ,we obtain a standard Fourier pseudospectral full-discretization for the Poisson equation. According to the relation-
ship between the spectral differentiation matrix and discrete Fourier transform,we provide a fast algorithm for solving the
discrete equations. Some numerical results are presented. By using the FFT algorithm, numerical experiments show that
the new scheme is very effective for calculation speed and easy to practice,and it has the high accuracy,these imply that
the Fourier pseudospectral method provides a new useful tool for the study of the Poisson equation.
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Many steady states of various physical phenomena can be described by a sort of so called elliptic partial dif-
ferential equations. One can find its wide applications in heat-conducting problem, particle diffusion problem, the
electrical current distribution in conductors,the electro-and magneto-statics problem,as well as in the elastic the-
ory and permeation fluid model problem. Therefore, solving elliptic partial differential equation accurately is im-
portant and critical to precisely describing and understanding the relevant physical problems. The Poisson equa-
tion is one of the classical elliptic partial differential equations,which has been widely used in Plasma physics,
plasma engineering. Sun''' proposed a new 4th order accurate scheme combining the predictive and the corrective

2] presented a new pseudo-spectral method which arranged the collocation points and the matrix of

solutions. Ma
derivative for solving Poisson equation. Lii'’' analyzed the Poisson’s equation from the aspect of structure.

Poisson’s equation is transformed to a Helmholtz-like equation which is solved iteratively,as a linear system of e-
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quations , by introducing a grid and employing fast Fourier transform by Ida M B Nielsen'*

In this paper,we use the second-order Fourier spectral differentiation matrix D, to approximate the second de-
rivative ,and obtain a standard Fourier pseudospectral discrete equation for the Poisson equation. We analyze the
fast algorithm by FFT theory,and apply the FFT to solve the discrete equation. Some numerical results are present.

This paper is organized as follows. In Section 1,it analyzes construction of Fourier pseudospectral method for
Poisson equation. And in Section 2,it analyzes the fast algorithm for Poisson equation. Finally ,it has achieved good

results after numerical tests.

1 Fourier Pseudospectral Method for Poisson Equation

We consider the Poisson equation
% Cfey), i, (0
u(x,y)=0, on d{2. (2)
Inspired by the spatial discrete method of Fourier pseudospectral , we discrete the solution through trigono-
metric polynomial at collocation points. So,we approximate u(x,y) by Lyu(x,y).

The approximation /,u(x,y) has the form

N-1 N-1

Lu(e,)= 2 2 wegd2) -gy),
1=0 k=0
1 i P % . Lw .. .
where u, =u(x,,y,) ,g,f(xi)=52_,g,(yj)=S’I,xi:NL,yj=N‘j,L,]=0,l,2,---,N—1. Here N is an even number,

L,,L, are the corresponding periods. g,(x) and g,(y) are trigonometric polynomials and given explicitly by

1 N/2 1 )
(x)= 7 761"#1(;(_’%) ,
& N n=2]\‘"/2 c,
1 N/2 1 ) N
g(y)=— —eln
! N ,1=§/2 c,
here ¢, = 1[ Inl % | e v =ex =2 oy =2 =20
where ¢, = n 2 T—Cf?— ,Ml_Lx ,/.LZ—L}’.

The derivative "I ,u(x,y)/dx" at the collocation points x, in terms of the values u, ,the resulting expression

at the points «; is:

' Lu(x,y) g ( D)
i9)) m
—_— ul, =(D,U),;,
ax* m=0
where D, is an Nx/N matrix with elements
k
_d gm(xi)
(Dk)i,,m_ dxk
and
0 1 N-1
u, u, u,
u() u] u'\—l
1 1 1
U: . .
1 N-1
Uy-p Uy Uy

In the same way,we can easily conclude
aklzvu(xi,y_,-) it ndkgn(yj)
LS S uh 2l
ay n=0 dyl~

where D, is an NXN matrix with elements

=(UD,)

ijo

d'g,(y,)

(Dk)j,n: dyA
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By using the spectral differentiation matrix D, , we obtain the standard Fourier pseudospectral full-discretiza-
tion for the Poisson equation (1) as follows
D,U+UD)=F, (3)
F(%0,50) S(x0,91) e (% ¥ver)
(x1,%) (xpy) o SQa,yn)
here F = /1 1.9”0 S 1.9/1 . S 1.3?\1

(reis0) SCoys,y) o (s, ye)
2 Derivation of the Fast Algorithm for Poisson Equation

We first introduce a series of useful lemmas.
Lemma 1°) Let AeC™ ,BeC™ and D € C™" ,then the matrix equation
AX+XB=D

is equivalent to the following vector form

where
0=1 RA+B"®I,
Y= (000,500, 5% 58005 %005 5%, 57 5 X5 X 575X, )
D:(dll’dZI"” d dlz’dzz’...’duz’...,d dZu"”’d )

%l » In o nn

Lemma 2% Let
m[ =

and M=diag(m,,m,,---,m,_,).

Then we have

where .7 is discrete Fourier transform.
According to Lemma 1 ,the discrete equation (3) can also be written as a standard linear system,
(I®D,+D, 1) u=f, (4)
where
: T ’u]::i) ,

—(fofo fo f* e VL f"" ~V’1)
.f_ 01> sJ N-19J 031> s/ N-1> Jo J1 o sJ N-1/ -

Since D, is a full matrix,a naive approach using Gauss elimination for Eq.(4) would cost O(N°) opera-

=( 0 0 ... .0 R T L. N1 N-
u=\up,u, sUn_15Ug Uy, sUn-15 sUg Uy

tions. However, this cost can be significantly reduced by using a discrete version of “separation of variables” —

the matrix decomposition method'”’ | known as the matrix diagonalization method in the field of spectral meth-
[8,9]

ods'™™.

According to Lemma 2, we have

then
M,=7 D,7",
P : : PR . . .
where .7 is discrete Fourier transform with elements .7, =—W" ,and M, is a diagonal matrix.

Multiplying Eq.(3) from the left by .7 and from the right by .7 we find that
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Let U=7 U7" and F=7 F7" ,then Eq.(5) becomes
MU+TM. =T,
where gives

vi,j:+a
(M), +(M,),

3 Numerical Experiments

For the numerical experiments,we consider Poisson equation

’u 9u . .
——+ 5 =sin(x)sin(y),
0x~ dy

with the boundary condition u(0,y)=u(2m,y)=0,u(x,0)=u(x,2mw)=0.

According to the analysis,we can obtain the full-discrete equation,i.e.,

N1 N-1
Z (D,) u,+ z (Dz)ﬂuﬁ=sin(xi)sin(yj).
=0 =0

We take N=128,256 and 1 024 for the new scheme (6) ,then we obtain the numerical solutions and the errors

shown in Fig. 1,the exact solutions in Fig. 2.

error
o N O BN

N=128, numerical solution N=128, error between exact solution
and numerical solution
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N=256, numerical solution N=256, error between exact solution
and numerical solution
=
= =
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! 0o 2 X 00
N=1 024, numerical solution N=1 024, error between exact solution

Fig.1 Numerical solutions and errors
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We consider that the problem is fast for solving the Poisson equation. Table 1 shows CPU time of the fast

algorithm and traditional algorithm with different N. Table 1 clearly indicates that new scheme (6) not only can

take large number for collocation points,but also has very fast calculation speed.

Table 1 CPU time of the fast algorithm and traditional
algorithm with different N

N CPU(s) for fast algorithm (6) CPU(s) for traditional algorithm (4)

32 0.003 0 05230
64 0.006 0 18.534 0
128 0.032 0 Out of memory
256 0.175 0
‘ 0 ; ) x 512 1.908 0
1 024 17.267 0

Fig.2 Exact solutions

Conclusions

The Fourier pseudospectral method provides a fast algorithm for the Poisson equation, numerical simulation

results show its high accuracy. By using the FFT algorithm, numerical experiments show that the new scheme is

very effective for calculation speed and easy to practice,and it has the high accuracy,therefore , it will be a good

choice for solving the Poisson equation.
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