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Jacobi Sequences of \n” + 1

He Dawei

(School of Mathematical Sciences and Institute of Mathematics , Nanjing Normal University , Nanjing 210023, China)

Abstract: Let p,/q, (k= 0) be the k th convergent of the continued fraction expansion of an irrational real number 6 . We
investigate the sequence of Jacobi symbols (p,/q,) (k=0) . K. Girstmair showed that this sequence is purely periodic with
period length 24 for f=e and period length 40 for §=¢’. Similarly, in this paper, we determine the period lengths of
the Jacobi sequences for 6= Jn*+1 (n=1) and 0= N (n=2).
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For any positive odd integer Q and any integer P with ged(P,Q)=1, (P/Q) is the Jacobi symbol """, If
P=0,Q0=1o0r P=1, Q=1 ,wewrite (P/Q)=1. If Q is even and ged(P,()=1 ,then we put (P/Q)=+* ,where
# is an arbitrarily chosen symbol different from +1"'. Let [a,,a,,a,,*] be the regular continued fraction expansion
of an irrational real number 6 and let p,/q, (k=0) be its k th convergent. The sequence (p,/q,) , k=0, is called
the Jacobi sequence of 6 .

K. Girstmair*'proved that the Jacobi sequence of e is purely periodic with period length 24 and the sequence
of €’ is purely periodic with period length 40.

Similarly, in this paper, the following results are proved.

Theorem 1 The Jacobi sequence of \n*+1 , n=1 ,is purely periodic with the smallest period length 8 if
2+tn and 2 if 2In .

Theorem 2 The Jacobi sequence of P =1,n=2,is purely periodic with the smallest period length 4 if
2+tn and 16 if 2In.

Remark 1 W are two kinds of irrational numbers that we are familiar with, and we know their conti-
nued fraction expansions explicitly. For any irrational real number 6 ,if its continued fraction expansion modulo 4 is

period and has an explicit form, then we can obtain the similar result for the Jacobi sequence of 6. For example,we

ﬁzﬂ A =n=[n-1221=2]n=2),In’ -2 =[n-1,T,n=2,1.2n -2

(n=3), J4n’ +4 =[2n,n,4n], [(na)’ +a =[na,2n,2nal(@eN), J2n+17’+2n+1=[2n+1,2,4n+2] and so on.
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can obtain the parallel results for /7 ,
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1 Lemmas

[1]

Lemma 1 Let [a,.a,,+",a, ] be a purely periodic continued fraction with (not necessarily smallest pos-

sible) period length L and s,/t, be its k th convergent, k= 0. Supposed that L is even and

t S, S,
[“):1, U =1mod 4) (1)
Sp-1 by by,
where [ is the unit matrix and congruence has to be understood entry by entry, then the Jacobi sequence of
[ay,a,,+++,a,_,] is purely periodic with period length L .

Lemma 2 Infinite periodic regular continued fractions x =[ay,a,*-,a,| and y=[b,,a,,*--,a,] have the

same Jacobi sequence.

Proof Let
r.x) p.) p.
7.7 9.0 q,
denote n th convergents to continued fractions [a,,a,,***,a,] , [by,a,,***,a,] and [a,,--,a,] ,respectively. Then
+
P.(x) =[ag,ay,ra,]=a, + 1 =a,+ 9n-1 _ GPu-1 TG0 i
qu(x) la),+",a,] P Pu-a
b +
p.(y) =[byay, -+, |=b, + 1 =b, + -1 _ O0Pn-1 T qn-n )
qn(y) [al""van] Pu-i Pu-i

Since ged(p,_,,q,.,)=1,it follows that
@puitq,opi-)=1, (bop,i+q,-p,)=1.

Hence,for n=1,we have the Jacobi symbols
(p,,(x)jziaopn1+qnlj=[qn1)
q,(x) Pa-i Paci
[pn(y)] (op, 4. [ j
q.(y) Puei Pu-i
(55)-( (e )5
q,(x) ()
(55)-(20)
(%) 7.(9)

forall n=0. This completes the proof of Lemma 2.

and

For n=0 ,we have

Thus, we have proved that

Lemma 3 If a=[a,a,a,,-] and B=[b,,b,,b,, -] are two infinite regular continued fractions such that
a,=b,(mod4) forall i=1 ,then o and B have the same Jacobi sequence.

Proof By[3,Theorem 2],we know that if o =[a,a,,a,,---]and B =[b,,b,,b,,-*] are two regular continued
fractions such that a,=b, (mod4) for all i=0 ,then « and B have the same Jacobi sequence. Since a,=b,
(mod4) for all i=1 ,it follows that a=[a,,a,a,,---] and B,=]a,,b,,b,, -] have the same Jacobi sequence. By
Lemma 2, B,=[ay,b,,b,,---] and B=[b,,b,,b,,---] have the same Jacobi sequence. Therefore, @ and B have the

same Jacobi sequence.
2 Proofs of Theorems
Proof of Theorem 1 By[4,p.321],we have <n’+1=[n,2n],n=1.

Case 1 n is even. Since 2n=4 (mod4) , it follows from Lemma 3 that <n’+1 and 17 =[4] have the
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same Jacobi sequence. Let s,/t, be the k th convergent of 17 . Since

(J-)-1{y 217 Bt

it follows from Lemma 1 with L=2 that the Jacobi sequence of 17 is purely periodic with period length 2.
Since the Jacobi sequence of 17 starts with
L, 1, 5,1, %, e,
we know that the Jacobi sequence of 17 is purely periodic with the smallest period length 2. Therefore , the Ja-
cobi sequence of JnP+1 s purely periodic with the smallest period length 2.
Case 2 n is odd. Since 2n=2 (mod 4) , it follows from Lemma 3 that JiP+1 and 2 =[1,2] have the
same Jacobi sequence. By Lemma 2, /2 =[1,2] and [2] have the same Jacobi sequence. Let s,/t, be the k th

convergent of [2] and we choose L=28. Since

G )_(408)_ (s sc)_(985 408)_
[sj (985) 1’[t7 ;bj (408 169) I(mod4).,

it follows from Lemma 1 that the Jacobi sequence of [2] is purely periodic with period length 8. Since the Jacobi
sequence of [2] starts with
1, * 9_15 * ,_19 * ’1’ * ,19 * ’_15 * ’_1’ * ,15 oy,

we know that the Jacobi sequence of [2] is purely periodic with the smallest period length 8. Therefore, the Jacobi
sequence of Jn?+1 s purely periodic with the smallest period length 8.

Proof of Theorem 2 By[4,p.321],we have n’—1=[n-1,1,2n-2], n=2.

Case 1 n is even. Since 2n—2=2 (mod 4) , it follows from Lemma 3 that Jn* =1 and [1,1,2] have the

same Jacobi sequence.

The purely periodic number that is associated with [1,1,2] is y=[1,2]. Let s,/t, be the k th convergent of

v . Here,we choose L=16. Since
L) _ (21728, (S5 $i)_(29681 10864)_
(slsj_(29681)_1’(t15 t14j_(21728 7953)_1(“10014)’

it follows from Lemma 1 that the Jacobi sequence of y is purely periodic with period length 16. We denote the

sequence of convergents of [1,1,2] by

By[ 2, Theorem | ,we have

forall £=1. Since

and the Jacobi sequence of [1,1,2] starts with
1,1,-1,*,-1,-1,-1, = ,-1,-1,1, % ,1,1,1, % ,1,1, -,

we know that the Jacobi sequence of [1,1,2] is purely periodic with the smallest period length 16. Therefore, the
Jacobi sequence of JnP -1 s purely periodic with the smallest period length 16.

Case 2 n is odd. Since 2n—2=4 (mod 4) , it follows from Lemma 3 that JP =1 and [4,1,4] have the
same Jacobi sequence.

Similar to Case 1, we can prove that the Jacobi sequence of [4,1,4]is purely periodic with period length 8.
Since the Jacobi sequence of [4,1,4] starts with
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1’ 1’ 1’ *, 1, ]" 1, *’ 1’ 1’ 1’ *’ 1, 1, 1’ *, .‘.,
the Jacobi sequence of [4,1,4] is purely periodic with the smallest period length 4. Therefore, the Jacobi se-

quence of \n’—1 is purely periodic with the smallest period length 4.
3 Problems

Professor Yonggao Chen poses the following problems.

Problem 1 Are there an integer L=2 and infinitely many primes p such that the Jacobi sequence of
\/; is (purely) periodic with length L ?
Problem 2 For any given integer L=2 , are there infinitely many primes p such that the Jacobi se-

quence of [p is (purely) periodic with length L ?
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