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[#ZE] %v=1mod 6. —4~¥ K vIF) Hanani =JCFK Jt—> Steiner =JCF , ELI 2 A X 2 v] DAKI 23 5 (o—1) 724>
KANA (=1)/3 BER 73 FAT SR LR/ (0-1)/6 BT 53FA725 . Hanani = JC R B AAE Kirkman = JC&R I H 2R
HET™ . A SCFSE Hanani =00 2 WA RS, FA TR 58 280 50 3 K /N Ry 7 BS54 Hanani = J0 & AR AR
[%82] Hanani =JCH , AES, A, I3
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Existence of a Class of Incomplete
Hanani Triple Systems

Wang Rongrong, Shan Jinxin,Wang Chengmin
(School of Science, Jiangnan University , Wuxi 214122, China)

Abstract: Let v=1 mod 6. A Hanani triple system of order v( HATS(v) )is an STS(v)satisfying that all the blocks can be
partitioned into (v—1)/2 partial parallel classes of size(v—1)/3 and one partial parallel class of size (v—1)/6. A HATS is
regarded as a generalization of Kirkman triple system. In this paper, we consider the embeddings of HATS and establish
completely the existence of IHATS(v,7).

Key words: Hanani triple systems , incomplete ,embedding, group divisible designs

B KR — M EEBE S . AT 4T (K-GDD) & 1AM R I FPE i = 7048 (XL, A, B) 7

(DX 1A RRAE;

(2)AJEX B 1R 53 (B )

(3)BREXM 1 FER/NE A TEA K TE TR XY, 2 X o BT 2 — XA A S A HPLEE 1
A B XA R E N R R A

GDD MR R4E Z TR B {IG): GeA ). 3 il H“F8 57105 K 3278 GDD iYL BUR ¢! g g "l GDD 3%
TRIZ GDD AL & w N KN K g 4, 1<i<ss. 24 K ={k}F, 10 K-GDD A k-GDD.

TR n' B k=GDD FR AR T, 108 TD (k,n). BUA 1B k-GDD #R A A 58 4 XA 33, 184 (v,
k,1)-BIBD. [ 4o HY Steiner =JCF 42 (v,3,1)-BIBD, iCAE STS (v). AT, 14> STS (0) £714E 24 HAL Y
v=1,3 mod 6.

GDD 1Y 1 7% B AMSE 1 XA FR A1 GDD 1Y 1AER 70 FA725 . 4n A GDD 1Y 1AER 7047 24 il s B2 1Y
LA 3 FRIZ IR I AT N PAT2E . AR AT IR 1 R R 40 A7 25 . an R GDD By T A X 21 fig
BRI o0 A T A P41 28, MIFRIZ GDD & Al 430 () . 38 # 6 FHRTZR RV s 1AM B T4k . o,
RBIBD F1 RTD 4351|371 A] 43-fif (1) BIBD F1A] 43-fi# (1) TD.

(v,3,1)-RBIBD J& % £ ) v B Kirkman = JC & , 10/E KTS(v). Kirkman = 7T & B9 47 76 4 ) 28Ul A2 Dy 52
35 24 B Kirkman 2242 )38, % [0 87 1972 4F H Ray-Chaudhuri F1 Wilson 5¢ 4 ff 2k .
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EE1® —DKTS(0)FA7E Y HAL S v=3 mod 6.

=1 mod 6 I}, }1 F v AN J& 3 MFEEL, L (v, 3, 1) -RBIBD F7E 1 06 BE A A AN 2 . ZE X RN OL T,
Vanstone 25 7% X T Hanani =JCZ& , H [ #K Kirkman =JCER W 1 HARHMET . % v=1 mod 6,1 F oY
Hanani =JC £ /& STS (v) , Hoi 2 T A XA AT LUR 73 B (o= 1) 7240 KN (0=1) 73 BIFR 43 FAT 2 H 1A R/
H(=D6 FIER 472 iIC/E HATS (v).

FEE2Y 1A4HATS(0) 765 HAC v=1 mod 6 H.v#7, 13.

& v=w=1 mod 6. N5&4> Hanani = IG5 (ITHATS(v,w) )& 1M B a0 T m A =Jc%E (X, Y,B) .

(DX LB Ao A PR

(2)Y S X 1F5 CFRAR) , A w;

(3)B & X W —E 5 (R X)), i R X B—1> BeB, 1 IBNYI<1;

(4)B T X4 nT LI 2R (o=w) 121 KN R (o—-1) 13 IIER - AT, (w—1)72 4R/ R (v=w) /3 B3R 31
TR TR (=) 16 TR 53 AT 2L

B(X,Y,B) & 1A THATS (v,w) , (Y, B')J& 1~ HATS (w) , W (X, BUB" ) J& 1 A~ HATS (v). Fr(Y,B") figh%
Btk A (X, BUB" ) FR (Y, B") T it RS, THATS (v,0) 1, Fi T HATS (w) 0T EARTEFE . 55 4b,
5 E M Hanani =JC R CL45E 2 W07 , 5 Hanani = J0 3 [0 A [0 BUEE AT DAFE A0k THATS (84776 1 7]

A0 F 2 SCHN, 1A THATS (v, w) BEZAL & (v=10) 12 D KANR (o-1) 73 FIER - AT, (w—1)12 KN K
(v=10)/3 BRI FATZEFN 1A KN A (o=w) 16 R 5- AT 2  FRATHRSE — il o P AT 2P LT A7 26 il
Y& APC, 55 — MR oA TP AT A -1 728 , iE4E HPC, 28 =R /- AT 2B A s 4725, 12 4E DPC.

A REUEL A BT PR R ) 1A FEAR ). 56T Kirkman =70 R 9K AR, Stinson F1 Rees 9] JFS fif
e T HAFTENE .

EI3[Y IAKTS(w) BEHHRA R 14 KTS (v) H124 HA S v=w=3 mod 6 If H.v=3w.

AR, FATHG 58 005 THATS (0, 7) FUAFETENE .

1 Plss A

X AR —Se FU A FAR LS T . eSS T TD MIRTD, A 40 R 4518 .

5131 (1)24n =4 H n#6,100f ,RTD(4,n) 771E ;

(2)XF FALAT I ZER: ¢ , AF7ETD(g+1,¢) FIRTD (q,q).

WR E-GDD (X, A, B) By IX A RRE B 4] 43 K — 2838 44728, B — AR PAT 22 X\G (GeA) 1Y 14>
K53, R A #K1% GDD A k—frame. F&ATTAER FH GDD F K 227K frame Y H . Q05 14 frame B9 X 4K R 3,
NIFRELH Kirkman frame. B 125 H—26 ¢ T Kirkman frame PO 7 4R 5 1w 5 7

gIIE 2" 1R R 1Y Kirkman frame 727E B 7800 B 551 8 h=0(mod 2) ,u=4 H h(u—1)=0(mod 3).

5138 3% Xt TH—H(h,u,m)e{(24,4,18),(24,4,36),(30,4,18)}, ARLFAE 1 AN h'm' 1 Kirkman
frame.

TSRS R T 1A R 2 15145 3] Kirkman frame B9 20077, 2 W52 3CHk [ 6 .

MiE1l (X, ALB)Z LA 5w : X—2ZU0 R 14 5E XFE S X FRYINAL R, an s Xt 4
— X 4 BeB, I AFTE 1 DTN (w (x) : xeBY Y Kirkman frame, I AFTE 1R S, s w (%)) AY Kirkman
frame.

T ORI FE " 45 1 T 1M Kirkman frame 5 2 IHATS 708 300 5 % 1207 R IE 2RI T2
kL6 It R e HE 5 4.

52 POXAELE LB T={t.i=1,2,--,n}f¥ Kirkman frame. 1% b NIEEEL . R TR (i<

n) , BBAETE THATS (¢4+b,b) , MIFELE 1 THATS( imb ,b).

T AR 1 R AR B, (R A A B E T A A [ B R A A L
IiE3  WSRAEAE 1D THATS (v,0) AT TS THATS G, b) , IR 24F4E 1T AN THATS (0, b).
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2 HAERLE

TEIX— 55, AT — L2 8/N o, #9385 THATS (0, 7).
5134 17AE 1P THATS(18+7,7).
IERA AT SRR B IHATS (1847, 7) %A 7 9 N K/NR 8 1Y APC, 3/ K/ 6 1 HPC Al L AR /NA
3HY DPC. TEAU4E (Z,x Z,)U(Z, x{a,b}) U{x, %) A& ZE T, 2 (Z, x{a,b) U {x, x,,x,) R . I 84
X4 il —1> APC
(30:4,,2,1{0,,20, 1,1 1,,5,,8,1{0,,7,,0,} {1,,6,, 7.} {0, 40,0,} {2,,6,,3,} {x,,8,,1,}
Wt (+1 mod 9, ) JBIF L1l APC TP A XS E] T 94 APC. X LA A T AR a F1b T K 2 (+1
mod 2,-) @I .
FAN I (43 mod 9,-) JBFF(5,, 11, 10} F1{30, 80, 6,1~ X 415 E] 1 4~ HPC. %1% HPC Fifg X4l &£ 1)
S —yH 2 N 1 A 2453 55 A HIAS HPC. 1% HELAYI2 AR S AE R O kAT
)5, ME—1 DPC H 3 5 X X 21{00, 30,60} (+1 mod 9, -) JEIF4531] .
BITES X 1e(5,7,9,11,13), FE1E 1S THATS(614+7,7).
iERR  fRjEATHE RN IHATS(66+7,7) %A & 3t DK/ A size 2042 f APC, 3 S K/NJg 21 9 HPC FlI
LA KN R e B DPC. 7E (Z, X Z) U 0 2,526} EARREIZBETT, Herp {0} SR . 000 DXL 43 A T 35
43, 51 AHESR PR Py, 383 (+3 mod 3¢, —) JEIF Py i XA 45 8] T 20 A IXAL, RSB I RA B T 14 HPC. X
XA HPC BT AT DX B 56— 4 2 40 S 1 245 2] T 53 484~ HPC. PR X ZHAG 15 11> APC, Ji 3t (+1
mod 31, ) JEFFIX ™ APC BT AT X 41458 T BT i APC. fie)m , ME— 1~ DPC /& i X 41{(0,0), (£,0), (2¢,
0)}id 1 (+1 mod 3¢, —) JEIFAFF . X5 [ B rb ek i B — > ¢, 45 H3 X0 0 1Y PRl Po. 3K B R T 5 1, 180G
Z(a,b) N a.
t=5
P:{2,,10,,0,42,,4,,3,}
P{14,,13,,5,11,,4,,9,}{2,,6,,6, 1{11,,13,,10,}{1,,7,,12 }{«,,0,,3,}
{2,30, 14 H{x,, 75,5, }{%5,8, 2, {4, 9, 0, H{ws, 11,8 Hg, 12,4}
t=7
P:{15,,17,,16,112,,14,,7,}
P,:{8,,9,,12,16,,0,,16,}{2,,15,,0,}{20,, 11,,14,}{10,,17,,20,}{3,,3,, 11,}
10,5,6,1{1,,12,,16, {4, 13,18 Hx,,5,,2,}{x,,7,, 19, x,, 13,,15,}
{2, 14,10, 1x,,17,,9,}{x,,18,,8 }Hx,,19,,7,}
t=9
P:{17,,15,23,146,,19,,1,}
P,:{4,,23,,21,}{12,,19,,15,1425,,26,,10,}{18,,24,,25 117,,22,,10,}{1,,17,,5 }{11,,11,,21 }
{6,,9,,8,149,,20,,26,}{8,,13,,16,}{7,,4,,6,}{15,,24,,2,1{12,,23 ,19 Hx,,0,,18,}
(2,20, 14, H2,,30,22, M2, 50, 1,12, 13,,7 M, 14,0 o, 16,3}
t=11
P:{6,,10,,24,}{5,,22,,29,}
P,:{25,,1,,27,1{29,,10,,16,}{18,,8,,3,}{30,,5,,26,{14,,11,,9,}{19,,20,,29,}{28,,0,,12,}
(21,,8,,23}{13,,27,,19,}{22,,30,,10,}{12,,1,,5,}415,, 14,,15,}{0,, 16,,25 }{9,,28,,22,}
(23,,24,,26,142,,7,, 18 }{3,,6,, 13, Hxy, 40,31, }{x,, 6,0, 17 }ox,, 70,4 M, 17,,32,)
(2,,240,20, H{x5,31,,21 Hx,, 32,11}
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t=13

P:{14,,37,,24,1{27,,25,,23,}

P,:{6,,25,,26,1{20,,8,,28,}434,,17,,10,}{31,,36,,21,}{11,,2,,33,1{15,,23,,33,146,,9,,22,}
(34,,18,,12,1{35,,0,,36,}{35,, 18,,24,}{21,.30,,32,}{4,,29,,16, 13 ,17,,8,}{30,.3,,9,}
(28,,31,,16,}{37,,26,,27,}{7,, 14,,7,}{13,,38,,5,1{4,,24,,38 }{10,,15,,1,}419,,23,,20,}
(20,00,37 M2, 15,19, M2, 30,27, Mows, 50, 12, Moy, 110,22 Moy, 25,2, 12, 32,, 14}

5lIE6 XfHE—1>1e(4,6,8,10,14), 71 1 N THATS(61+7,7).

ERE  THATS(6t+7,7) MiZA & 3t K /INH size 2042 1 APC, 3K/ 26 B9 HPC F1 1A KNy ¢ 17
DPC. 7E 8% (Z, X Z,)U{,a.b,c.de.f} AT, Ho {o0,a,b,c,d,e.f} R 1AM . BIHR X 20 53R 4 436
O3 HIRE N P, Py, PRI P i3 (+3 mod 3¢, -) BT P #3381 1 4~ HPC. %% HPC HH T A X 41 58— &
A3 LR 2 P2 A S ANPIAS HPC. 53— D7 T , PAUPL T PSUP, 3 SR G 14 APC. X PUP, R FIFA X 2 Y 55—
A EAMRTN0,1, -, (31/2)-1153] 302> APC, XF P3UP, HP T AT X 41 05— e AR U 3e/2, 3472+ 1, -+, 31-1
1930 535 31124 APC. XA S5 2] T 304~ APC. 735k, X41{(0,0), (¢,0),(2¢,0)}#% (+1 mod 3¢, -) 15
F0E— 14> DPC. DA b iz R HE 30 54T . XS5 | B Ir iR i B — > ¢, N IRIZS XSRS P, Py, PRI P T
I8 ABSRIETE R (a,b) H a.

t=4
P:{4,,9,,9,12,,1,,5,}
P,:{,0,,6,}{0,,1,,3,146,,7,,9,}
P.:{,0,,6,10,,1,,9,}6,,7,,3,}
P{l 0,40, 11,5, 10, }{b,8,,4 He, 70,5, 1d. 20,8 e, 30,2, £:9,, 11}
=6
P:{5,,13,,3,{8,,1,,6,}
P,:{,0,,9,}{0,,1,,3,}{9,,10,, 12 }
P.:{,0,9,}{0,,1,,12,149,,10,,3,}
P{13,,17,,16,12,,15,,4,112,,17,,11,}{7,,2,,16,41,,7,,15 }{a,3,,6,}
{6,505, }{¢,6,,13,1{d, 10,14 }e, 11,8 }{ /. 14,,4,}
t=8
P:{19,,12,,5,1{22,,12,,8,}
P,:{,0,,12,1{0,,1,,3, H12,,13,,15 }
P:{,0,,12}{0,,1,,12, }{12,,13,,3}
P:{30,90,8,119,,21,,6,1420 ,13,,17,114,,20,,16 11,,4,,9 }{2,,2,, 18 } {5,,10,,23,}
10,,7,,22, 118,,5,, 11 Ha,4,,17, b, 11,,6,}¢,15,,19,d. 16,,14,}{e,22,,21,}{ /.23,,8 }
=10
P:{8,,27,,29,1{18,,19,,13}
P,:{=,0,,15,}{0,,1,,3,415,,16,,18 }
P:{,0,15}0,,1,,18 }{15,,16,,3}
P{12,,17,,20,410,,21,,19,}{1,,7,,24,}{23,,5,,9,1{13,,20,,10,}{25,,21,,5,}{22,,26,,4,}
{8,19,,13,12,,2,,23,1{4,,6,,24,}{26,,25,,29 }{28 ,12,,17,}{9,, 7, 14,}{a,3,,9,}
{6,60,22 e, 11,,28 H{d, 14,27 He,16,,8 M £,18,,11,}
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t=14

P:{34,,41,,21,}{28,,11,,9,}

P,:{,0,,21,10,,1,,3,421,,22,,24 }

P,:{,0,21,10,,1,,24 }{21,,22,,3,}

P,:{14,,3,,9,}{18,,32,,6,17,,13,,23 }{8,,33,,19,}{20,,4,,28,}{30,,39,,35,}{37,,38,,2,}
{15,28,,34,1435,,10,,20,1{16,,41,,29,1{12,,15,,31,}{24 ,4,,26 1{5,,13,,40,}
{18,,33,,32,} {25,,7,,16,}{1,,12,,27,148,,5,,39,11,,7,,14 }{22,,10,,34,}{36,,36,,41 }
{40,,2,, 11 Ha,6,,38,1,9,,30,H¢,17,,37, 1d,19,,29,}{e,23,,31,}{ £:27,,25,}

SI¥87 1£1E 1 IHATS(109,7).

ERR BEJETE SR (2 X Z) U g aynby,bcoscydy,d,sen e, 0%, x000) AT 1N THATS(109,31). f&j 24
AR THATS(109,31) 4055 391K/ A 36 19 APC, 15K/ K 26 1 HPC Al 14N K /NK 13 ) DPC.

R 104~ X 21 A A — 3 A X 4145 (+3 mod 39, —)%ﬁﬁ%@ﬂl/\HPG P I B 445 5] 54> HPC. X]‘
BN HPC P T A DX B 5 — 432 4 SN 1 R 2 72 A 55 AR RS HPC. X RE S JEA5 31 T 15 4N s 19 HPC. 31X
LI AR 39 1T

{1,,30,,26,}{2,,22,,24,}{13,,38,,25,}{35,,30,,6,} {37,,23,,18,}
{8,,36,,13,} {12,258} {38,,6,,30,} {37,,29,,31,1{16,,15,,17,}

B —J5 18, F 1A X ZH A S — > APC. 5% A APC H BT AT X 2H4% (+1 mod 39, -) JEIF1SE] T 39

ANFFTEHAPC. X B wela,b,c,d, e} R 2 A TIZ B, B w, +( ) =) =100 1m0 2, 0<Ki< 2 F1 0<5/<39.
{8,,14,,37,}{21,,12,,19,}{24,.9,,30,}{26,,20,,37,1438,,6,,33, 1 a,,36,.35,}
{@,,36,,13,16,,28,,25,1b,,16,,7,}c,,31,,4,}¢,,27,,38,1d,,3,,24,}
(d,,19,,22,}e,, 15,,0,e,,3,,34 Hx,,25,,29, 1, 1,,1,1x,,30,,4,)

{%,,23,,9, }{x4, 10,,27, }{x5,210, 17 }{x6,21,32 }{x7,61,260}{x8,0(,,7 }
(20,205, o000 110, 10, Mo, 1, 120,23 M, 13,5, x5, 150,33, Hae, 17,, 14}
(2,5, 18,34, Mx,6,20,,32, v, 28, 18 {4,290, 11,2, 31,,22 Hx,,35,, 16}

FAN  ME— 14 DPC H X 4{(0,0),(13,0),(26,0) 1% (+1 mod 39, -) JEIF155] .

51 H 6 1, THATS (31, 7) 7746 . TH&ia M 3, L 1 AN THATS (31, ) 1R A A it , 58] T 14
THATS(109,7).

3 EghR

X R L AR S LR BRI SE 40 57 THATS (v, 7) AU FEME: .

SIS WHIRAFAE LD AR/ GDD, HA W K/NEUA 5 H={3,4,5,6), KA K/NIA A
K={k:k=4) , R 2AF1E 11 THATS(61+7,7).

PERA ARHETDIHR 2, 8K 6“(ueK) 1Y Kirkman frames ££7E . 18 38 1, 84— 8K 6°(ueK) 19 Kirk-
man frame 1E Ry AT, 153 7 S 4EK/N N 61 19 Kirkman frame , HHZH S0 [ 44 H'={18,24,30,36). %
S RS 4~51 B 6, % T 45— me(18,24,30,36), #8A 1 DN THATS (m+7,7)FEAE . T i ik 2,15
|7 1 THATS(61+7,7).

SIFE9 X} FIER K I 12<i<30 H.1 ¢ {13, 14,17}, IHATS(61+7, 7 ) A7 4

ERR Mre(12,15,18, 21 i 451 B2, 1 51K 187 ) Kirkman frame f77E .

iz AR 2, i 1A THATS (1847, D AE R AR, 454 2] T 1A THATS (60+7,7). F5lth, 21 € {16,
20,24 )8, A4 5 | B 2, Sk 24" ) Kirkman frame ££7F . LA THATS (2447, ) VE R A1t , 12 A& 2 15 3
T 1/ THATS(61+7,7).

HOJE 5| B 2 T 5| B 3, 7745 A0k 24°18",24*36", 30°18' A1 30° 1Y Kirkman frame. iz FA4 3 2, i FH & 24 10
THATS /M A it , /58] 7 1A THATS(60+7,7) , iX Bl o e (19,22,23,25). 3@ 4 106 Aok B 51 B 4~5]
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6.

ARSI HE 1501 TD(6,5)FF 4 . 7E1% TD 155 Wi 4 AT M 25 0, 1 A1 24 545 3] 14N Sh's' ()
(4,5,6)-GDD, X B w,s e {3,4,5). iz I 1, AR 6'(w e (4,5, 6}) 1Y Kirkman frame V£ A5 AT,
3% 1> Kirkman frame , H 582 F/NA 6 X (20+w+s) , 4B R/ A FE5-(18,24, 30}, 12 HF93E 2, ff G Y
() THATS 75 M g A3t , 45380 T 1A THATS (66+7,7) , 3% BL 26=<1<<30. [RIBE, 1 HLIE Y (104 A BEit ok F 51 H
4-15| 2 6.

SIIB10 X FIEE 5 12 =31, IHATS (6047, 7)AFHE .

IERA ARIESIHE 1, X FAE 8 n=7 3F H n#10, RTD (4, n) 7745, HoAL & n ASFEAT2E . JBIZ RTD 1 T 41
FER XA, Fe— AT 2 i IR AL A5 3] T 15k 4714 {4, n)-GDD, i iZ GDD A1 7% n—1 4~ X 41
KANN A WPATIERN LA X RN n AT Bl A A, 40— S S I 25— AT 2R
X4 A5338) TR 4w 1i9{4,5,0)-GDD, iX H w e (3,4,5,6). iz {713 8, X TAEE n=7,n#10 Flw e (3,4,
5,6}, 133 T IHATS(6:+7,7) , Horf i=4n+w.

F el , M n =108, ARTD(5,8) i & , HAFAEE R 513 1 45 10 . $23% RTD AT A7 404 R X4, B —A>
AT XA A AR T 1R 5 (5, 8)-GDD. Blw e (3,4,5,6)1 4, A —AN 0 B N B4
— ANEATRER A XA B L83 T 1R 5 BY(5,6, 8)-GDD. iz JH 51 3 8, XF T 1=4 x 10+w, 43| T 14>
THATS(6t+7,7) ,iX B we (3,4,5,6).

RIELL FHE , X TFAR B 1 =4 x 7+3=31, IHATS(61+7 , 7 ) fE1E .

EIE4 1 THATS(66+7, 7)AFAEI T o b BEAc 02 1=3.

R TR LAY THATS (0, w) 77 7E I LB S5 02 0=3w. IRIIL THATS (6047, 7) AEFE (A Wb B 5%
PFI 60+7=3 x 7, ]Il 1= [7/3] =3. X T3, 5 3 4~5 37, 5 [ 39 M5 10 AT 1H4518 .
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