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Abstract:If I' and I" are mXn diagonal matrces and A and B are normal matrices, then the upper bound of Frobe-

. (r) (r)
nius norm of Al , —1

wn =1, B should be éllAr— I'Bll, . Some related inequalities are proved, and the results are gener-
alized.
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1 Introduction

Throughout the paper, we use the following notations: M(C) is a set of complex matrices,and C"*" is the set

mXn

of m by n complex matrices; C is the set of mXn complex matrices having rank r. R(A) denotes the column

r

space of A. A" and A" denote the conjugate transpose and Moore-Penrose inverse of A , respectively. I, is the

is defined by

& :(Ir O\J
mXn 0 0 °

Let A=(aij)eC"x" , d.(A) denotes the i th diagonal element of A ,that is, d,(A)=a,(=1,...n). ll-1l, d-

i

. . . )
unit matrix of order n and m X n matrix I*

mXn

enotes the Euclidean norm of a vector or the spectral norm of a matrix and Il-1l,. the Frobenius norm of matrix.

The main problem considered in this paper is comparing the Frobenius norm of the matrix AI,(r) -1 B

with that of a commutator AI'— I" B ,where A, B, I" and I' are elements of M(C) satisfying some additional
conditions. This kind of problems have been studied by the authors and the results have been found useful in the
field of numerical analysis and physics'™

It is well known that the diagonal elements a;’ s of Hermitian semi-definite matrix A are nonnegative real

numbers. Hence, if A is an Hermitian semi-definite matrix, and A =diag(a,, --,a,) with positive diagonal el-

ements, then
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tr(AA)=tr(AA)=0. (1)
We need the inequality(1)in the following proof of the result.

2 Main Results

Theorem 1 lLetAeC"™" , Be C"" be normal matrices and

- .Q 0 mXn r - ‘fl 0 mXn
r (0 O)ec, T (0 OJEC, ,

0=diag(o,, - 0,)= 0,0 =diag(c,, -, 0,)=0.

And let the matrices A, B satisfy the following conditions :

d(B"B)-d(A"A)=0 (i=1,2,---,1). (2)
Then
WAL - T Bl =allAI”, 1" B, . (3)

Where o= min o,

Sisr

Proof Firstly, we prove the inequality (3)holds for I' =I'=0. Let A= (A“ A"j , B= (B” Blz) ;
AZ] AZZ BZI BZZ

where A,,B,,eC”™ . By (2) and the assumption that A and B are normal matrices, i.e., A"A=AA" ,
B"B=BB" ,we get

AIIA{I] +A12A112 :AFIAH +A1211A BIIB{I] +BIZB?2 :BFIBH +BIZI]B2I’ (4)

210
and
di(BnBlHl +B123:{2): di(BlHan +B;‘1321)2di(A1HlAn +A?1A21):d (AllArl +A12A1H2) (i =1, '-',r) . (5)

i

Assume that 3= F—O'I,(,:)Xn = (‘Q _()UI’ g) yand 3 =1 - O'I,(;)x" = [‘Q —ol, 0) . Then 3 and 3 are two
0 0

diagonal matrices with diagonal elements nonnegative. By direct computation , we get

A,-B, -B,
mXn mXn ’

O _q0 p_
Al I . B ( A, 0

AZ—SB= A”(Q_O-Ir)_(‘()_a-]r)Bn _(D_Ulr)Blz .
A,(2-ol) 0

It is easy to verify that

(AI::)M—I,:L"B)H(AE— SB)= (Aﬁ_Bﬂ)(Au('Q_o'lr)_('Q_UI,)Bll)+A?1A21('Q_UI,) ) * . (6)
* B(2-0l)B,
[(A3 - SB)H(AI,(,:)X”—[,(,:)X,,B)]: ((‘Q_O'I,)AlHl_BPl(‘Q _O-Ir))(All_Bll>+(‘Q_UIr)A;{IA2I ) * . (7)
* B?z(‘a -ol)B,
where the star(*)parts in(6)and(7)will not be used in our derivations.
Hence,
WAL - T BIE=1AS+al”, )~(3 +ol” B2 =oAL, -1" B)+(A3- 3B)2=cA1", 1" BI>+ (8)
IAS - 3 B2 +20 Retf(AI", 1" B)'(A3- 3 B)].
Here tr denotes the trace of a matrix, Re the real part of a complex number. We claim that
20 Reur[(AI", ~1". B)'(A3- 3 B)]=0. (9)
So, (9)t0gether with(8)leads to
WA - T BI2=cA1", 1" BI>, (10)

which proves(3). Now we have to prove(9).
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By using (6)and (7) and the property of the matrix trace: tr(MN)=tr(NM) for two matrices M and N with

suitable dimensions , we get

2Retf(AI", —1". B)'(A3- 3 B)|=ufAl" | B)'(A3-3B)+(A3-3B)AI". -1" B)|=
tr{(AlHl _B?l [All(n_a—lr)_(‘{) _O'Ir)Bu]}"'tr{[('Q_o'Ir)AlHl _B?l(‘() _O'I,)](Au _Bu)}+2tr[(0 _O'Ir)BlzBi{z]'F

Ztr[(.(l—a'I,)A;Az[]= tr[(£2- O'I,-)ArlAn -2~ O'I,-)Aran (e O'Ir)BlHlAll +(‘Q_0-Ir)BrlBll]+

mXn m Xn

u[(Q2 - ol)A, A" —(Q2 - o1 )B,, A" —(Q2 - o1 )A, B! +(Q2 - o1 )B, B!'|+t:[(2 - o1 )B, B!+
(-0l )AN A ]~ ul(@Q-o1)B) B, |- t{(2 - o1)A, A1+ 2u((2 - o1 )B,, B+ 26((Q - 01 )AL A, | =
(2=l - B“>“<A“ =B+ u((2 -1 )(A,,~B,)A, - B)"|+ul(2 - ol )B, B} + BB -
u[(2-ol)B" B, |+ tu[(2 - o1 )B, B+ t[(2- ol YA A, + AL A )+ te[(2- o1 )AY A, |- (2 - o1 )A, A].

(11)
Note that 2-o1, =0 , (A,,-B,)(4,,-B,)=0 ,and 2-01 =0, (A,-B,) (A,,-B,)'=0.
So, by using(1) , we readily have
u[(@2-ol)A, - B,)"(4,~-B,)]=0,
and
u[(2 -l )A, -B,)A, -B,) =0
In this case, the equality(11)becomes the following inequality :
A= t[(2-0l)ANA, +AN A, )| -t (2 - ol )A, AL+ 1u[(2 - o1 (B, B! +B,,B!)|- (12)
u[(2-ol1)B! B, |+ u[(2 -l )B,B |+ u[(2-ol)A" A, ]
Hence, (12) ,together(4)and(11),lends to
2Retr[(AI", —1", B)'(AS- 3 B)|=u[(2 -Q)(B"B,, +B"B,)|-tr[(2 - Q2)(A, A" + A, A")]+
u[(£2 —ol)B,, Bl |+ (2 o1 )AL A, |+ u[(2 — o1 )A, A |+ [ (2- o] )B B, |= (13)

tr[(.() _‘Q)(B{{l 1 +B?l 2]~ tr[(.Q ‘Q)(AIIA?I +A12A{{2)]
Let AllAﬁ +A12Ai{2 :(aij)rXr ,and BlHan +Blz{1321 :(bij)rXr .

Obviously, Ir-r=o0s (;'i -0.=20 ,and d(B"B)-d(B"B)=0 d.(B"B)= d(A"A)(i=1,2,---,r) ,we get

tr[(.fl _‘Q)(Bran +B§|le)]: 2(‘;’L —o)b,= Z((;-z —o)a; = tr[(.fl _‘Q)(AllAlHl +A12A?2)] .
i=1 i=1
which proves(9). Hence(3)holds for Ir-r=o.
Secondly, we prove the general situation. Let the positive number 6 satisfy the following conditions :
su(B"1". B)+u[B"I", (AT - T'B)+(Al'- T'B"1", B]=0 ,and Q2 +5I. =0 .

Then
(Q+81)-02=0, (14)
and
3tr(B"8°1". B+t(B"SB", [Al—(I" +81" \B|+[Al'-(I" +51" )B]'sI" B}=0. (15)
Let T=1T" +81", . Then,the inequality(14)implies that the following inequality holds: T~ I" = 0. By sim-
ple computation,we have
WAL - T BI2.=AT" —(T- 581", )BIZ=IIAT" - TBII%. +1I81" (AT’ - TB)|=
AT - TBI2 +3ue(B"8°1". B)-2t:(B"5°1". B)+u[B"8I". (A'—TB)+(AI' - TB)"s1", B|=

nXxXn nXxn nXm

B’ +26Re tr[B"I,

nXm

WAL - TBI2 +3ue(B"8°1". B)+w([B"8I". (AT —(I" +81" B|+[Al -(I" +51" )B|"51” \B}. (16)

nxXm mXn mXn
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So, (16 )together with(15),leads to ||AF—fB||2F = ||AF—TB||2F.

From the inequality I'-T'=0 and the specific case above we have proved, it may be concluded that

AT - TBII; = aa1”, -1" BIl’, . Hence, (3)holds. The proof is completed.

mXn mXn

Remark 1 Let U,U eC"",V,V €C"" be unitary matrices,and let I' , ' , £ , 2 be of the forms in
Theorem 1. Then UHUe cn, I}HVE C""" are unitary. Of course , they are normal matrices, e.g.,
U U ) =0 )OO =1, (VY VIV = YY)t =T
Hence,
AU D' U U =d[(V'U)' UM UI=1, =1, 1 <r<min{m.n}).

For these reasons, it follows from the unitary invariance of Il+1l, and Theorem 1 that

Wurv'-orvi, = w"vr-rv'i,=ew"vi’, -1°, v'vi, =civt”, v -o1°, v,

mXn mXn mXn mXn
where 0= min {o,0}.
I=sigy=r t J
Overall,we have the following inequality,

Wurv'-orvi, =enur’, v -o1’, v'i, . (17)

mXn mXn

Particularly, choose V" , U as nXn nuit matrix and mXm nuit matrix, respectively. And let V"=V .

Then the inequality (17 )becomes
Wwr-rvi,=slvi”, -1"

mXn mXn

Vil,.. (18)
The inequality( 17)is the result of Theorem 2 in[ 1], and the inequality( 18)is Lemma 1 in[ 1].
Remark 2 We get the following result, which was proved by Sun in[2]:Let Ae C"™" , Be C""" be nor-

mal matrices and

— 0 0 mXn
F—(O OjeCr s

Where 2=diag(o, --,0,)=0. Then
WA -TBI,=c A", —1"

mXn mXn

Bll, . (19)
In fact, If I’ =T in Theroem 1 ,then 2= Q . In this case ,from the inequality( 13 )we see that
2Reuf(Al), -1, B)'(A3~ 3B)]=0,

which means that(19)holds.
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