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On Dirichlet Problem of Tricomi-Type Equation
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Abstract : Dirichlet problem of inhomogeneous Tricomi type equation in the rectangular domain 2={(t,,2,)x(0,) :£,<0,
1o>0} is discussed. For £;=0, we give the solution a priori estimate. For #,<0, we show the Dirichlet problem is ill-posedness
in Hadamard’s sense by constructing a counterexample.
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In this paper, we focus on the Dirichlet problem of inhomogeneous Tricomi type equation in the rectangular
domain 2={(t,,1))x(0,m) :1,<0,#,>0}. Namely, set m an odd positive integer,we consider
O u(t,x)— 1" d’u(t,x) =f(t,x),
u(t,0)=u(t,m)=0,
u(t,,x) = ¢(),
u(t,,x) = ().

When <0, the equation(1)is a classic mixed-type equation, which is elliptic for te(t,,0)and is hyperbolic

(1)

for te(0,1,) ,and ¢=0 is its degenerate line.

Tricomi equation(m=1 and f(z,x)=0)is a simplified model of transonic potential flow equation in hodograph
plane, whose some boundary value problems may be lead to meaningful physical problems. For example, in
consider of the stability of a complete rarefaction occurring on a concave body when a supersonic flow past, we
should solve with Dirichlet problem of an equation with a local Tricomi type or Keldysh type degeneracy .
Meanwhile, the development of the theory on the well-posedness of the boundary value problem of mixed-type
equation is fundamental in mathematics™*'.

In general , the Dirichlet problem of hyperbolic equation is not well-posedness. Namely, its solution may nei-
ther exist, nor be uniquely determined, nor depend continuously on the data. But for degenerate hyperbolic equa-

tion there exist some positive results. In £2:={(0, #)X(0, ) : #%>0}, (1)is a Dirichlet problem of a degenerate
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hyperbolic equation. In this case, there is a result for the uniqueness and existence of solution in

C(2,,)N CZ(QABBDAO\(ABO UBA,)) for the homogeneous equation in reference| 1 Jif €, is an rectangular with

3 3
two characteristics from opposite families ABy: x — %tz =0 and BAo: x + %tz =1. Later, for the equation

(—y)"du— afu -X(=y)'u=0, in(0,1)X(-a,0), (2)

where a>0, and

2 232 2 n32
x=_s(y) - andl-x=— 2o (-y)

pass through the vertices of the domain, Khachev M M presented the unique solvability of the Dirichlet problem
corresponding to(2)in[ 5 ]. Recently, there are some corresponding results on other mixed-type equation, see[ 6,
7 ]and so on. In this paper, we obtain the existence and uniqueness of the solution for the boundary value prob-
lems of Tricomi equation with non-zero source term by use of spectral analysis method in terms of confluent hy-
pergeometric functions, meanwhile we release the constraints on the two characteristics which must pass through
its vertices of the domain and obtain a higher regularity.

In a mixed-type domain, the most well-known example of the well-posedness boundary value problem for
mixed-type equations is the Tricomi problem. Besides, Payne L E in[ 8 ]showed the ill-posedness of the initial-
boundary value problem of Tricomi equation in Hadamard’ s sense by constructing a counterexample if the
Cauchy data are given on the boundary in elliptic domain. For the Dirichlet problem , Morawetz C S proved the
existence of the week solution for the Dirichlet problem of the Tricomi equation if the boundary defined in the
elliptic domain is smooth and controlled by an algebraic function, and there is a sufficiently strong singularity at
one of the two parabolic points of the boundary, the details can be found in[ 9 Jand more references can be refer to
[10, 11 ]and the references therein. Here, for the rectangular domain 2, ={ t,,2,)%(0,m): t,<0,t,>0} , we give

an example to show the ill-posedness of its Dirichlet problem in Hadamard s sense.

1 Main Result

Theorem 1 For #,=0, prescribed ¢ (x) , ¢ (x)and f(z,x) are third order continuously differential functions

with respect to its variables. Moreover, given the conditions
¢(0)=p(m) =¢"(0) = ¢"(m) =0, (3)
P(0)=h(m)=y"(0)=¢"(m) =0, (4)
J@.0)=f@.m=09./@.0)=9f(tm)=0, (5)

then there exists a unique smooth solution C(£2,)N C*(£2,) of the problem (1) ,which satisfies the following estimate

I u(e,x) [[-<CCll o) || s+ | () || 5+ | fe,x) | 5), (6)

2

where || u(x) | .= z sup IDu(x )| and C is a positive constant.

i=0 =l
Remark 1 The regularity condition on the Dirichlet data and the source term is not minimal for the exis-
tence of solution to the problem(1)when £,=0. Here its regularity confirms the estimate(6).

Theorem 2  For ,<0, the solution of the problem(1)in {2, is unstable.

2 Proof of Theorem 1

In this section, we use the spectral analysis method and confluent hypergeometric functions to show Theorem 1.
The corresponding homogeneous Tricomi type equation of (1)is
0ult,x)— 1" u(t,x)=0,
u(t,0)=u(t,m=0,
u(t,,%) = @(x),
u(ty,x) =(x).

(7)

- 30 -



Zhang Kangqun, et al : On Dirichlet Problem of Tricomi-Type Equation in Rectangular Domains

T " X//
Setting u(t,x)=T(1)X(x)and A>0,we derive t'"T((tt)) = X((xx)) =-A. Then combining with the boundary condi-

tion in the problem( 1),it becomes

{X"(x)+)\X(x)=O, Osx=m, (8)

X(0)=X(m)=0.
In terms of Sturm-Liouville theorem, its k-th eigenvalue A,=k” and the corresponding eigenfunction is sin(kx).

Assume the formal solution of the problem(1)as
u(t,x)= Y. T,(t)sin(kx) (9)
k=1
and

)= gﬂ(t)sin(kx),

o(x)= iqoksin(kx), (10)

V)= Y dsinGi

where f,() , ¢, and ¢, are the Fourier coefficients of f(z,x),¢(x)and ¢ (x)with respect to sin(kx)respectively.

For the orthogonality and completeness of eigenfunctions, it is easy to verify the equation(1)is equivalent to

T )+ Et"T@)=f,(1),

7,0)=¢,, (11)
T(ty)=1,.

In order to solve the problem(11),we first consider the corresponding homogeneous equation
T,"(t)+ k" T(t)=0. (12)

For k=m=1, this is the standard Airy equation. In order to solve with (12)for any keN" and m , we set vari-

m+2

able y= m%- 5 kt > and introduce the new unknown function Y(y)ZTk(t) ,then the equation( 12 )becomes into
" 2 ' —
YY)+ S Y0 +yY()=0. (13)

If y#0, i.e., 170, let variable z=2iy and introduce another new unknown function Z (z)=e"Y (y) , then it is

easy to verify that(13)is equivalent to the confluent hypergeometric equation

222+ (mi 2) —7(2)- ﬁzg) =0. (14)

In according to the formula(9)given in page 253 of[ 12 ], we derive the corresponding fundamental solutions

of (12)

3 m m
T“(t)—e @(2(m+2)9m+2az),

m+4 m+4 B
2m+2) m+2"" )

(15)

T,@)= te%@(

where @ (a,c,z)is Humbert’s symbol and analysis whose difinition can be found in page 271 of [ 12]. In order to
analyze the properties of the above two functions , we cite the following result established in reference [ 13 ].
Lemma 1 Let a and ¢ be real and 2a—c>=1. Then any zero z, of the function Y(a,c,z)must satisfy
Re(z,)<0,where ¥(a,c,z)defined by
m FI(S(;)I)ZI"Q)(a—c+ 1,2-c¢,z).
As a corollary of Lemma 1,for any t>0, T},(1)#0,j=1,2 holds. Particularly, there exist T};(#,)70. Meanwhile,
in according to Lemma 3.1 in[ 14] , the Wronskian determinant of T}, (¢)and Ty (¢)satisfy W,.*()=1. Finally, we

Y(a,c,z)= D(a,c,z)+

establish the general solution of (11):
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T,(0)= C.T(0)+ C.To0)+ [[(Ta(T(0) = T, ()T 0)) £, e
with C,=¢, and
C,= T/;z] (to)('wbk - <P1LT/:1(tn) - J‘o/ (T/:z (t)Tkl(T) - T/:I(t)TkZ(T ))fL(T )dT )

Therefore , we obtain the formal solution of (1) which can be written as

u(t,x)= 2%@,@ , (16)
where w,(1,%)=(A, (1) +A4, (1) +A (1) +A4,4(1) )sin(kx ) and its coefficients expressed by
Au@=@, T3 )T )T = Tt T, 0))
Ap@) =9, T, @)T,(0) »
A= [[TL0T,€) - T, 0T o0)) £, T
A ==T3 ) [ To0T )~ T, 0T ) £ )de

In order to show the series(16)is the solved solution, we prove the series(16)and its formally two order de-
rivatives are uniformly convergent.
Lemma 2 For —m<argz<w and largelzl, then
I'(0) e e (@), (a—c+]), - —a-M-1
F(c—a)(e z )“Z—n-(n— 32 (=2 O+

n=0

D(a,c,z)=

F(C) T N (C—a)n(l _(I)n -n : a-c-N-1
T~ ng + 00z,

where =1 if Imz>0, e=—1 if Imz<0, (a)=1, (a).=a(a+1) - (a+n—1) ,and M,N=0,1,2, -
m+2
First, the analyticity of @(a,c,z)implies that T;(¢) ,j=1,2 are bounded if kt > <C . The asymptotic behav-
m+2

ior of @(a,c,z)when z tending to infinity in Lemma 2 show T}(¢) ,j=1,2 are bounded if & *> >C . Then, for any

te(0,t,),T,(t) ,j=1,2 are uniformly bounded with respect to k,i.e.,
IT,(I<C, j=1,2. (17)

Next, we derive the expressions of the derivatives of T,;(¢). By direct computation with the expression (15)

and formula ((11;” D(a,c,z)= ((a))" ®(a +n,c+n,z) (see page 254 of [12]) ,one has
c n

T m m _ m m _

i(m+2)ﬁkﬁz#e_é @ 3mrd 2mrD A gl m .z
4 2m+2) m+2° 2m+2) m+2°

and

Tk;<z)=e’%¢(2?fn++4z> ,"ﬂ?%*‘Z'(f)az(e;qS(z( 3 w2 D

5 m+4 2 (m+2)z m+4 m+4
¢ [‘p(z(m+2)’m+2’zj‘ 7 P 2m+2)m+2”

Furthermore , we obtain the second order derivative of 7,,(¢) ,which satisfy

2
" m+2\"* = g | s s 3 3m+4 2(m+1) _ m m _
T"0= [( 41) k ]z a{z ¢ [d)(2(m+2)’ 2 7 dmry w2’
2
(m+2Y7 50| ke m_ w1 aa) i 3m+4 2m+1) ) m m
2(1( 41) b Jz [(mzz PR A R T S ¢2(m+2)’m+2’z i

1,3 3m4d g Sm+8 3m+4 |_1p 3m+d 2Am+])
dm+1) \2m+2) m+27°) 27 (2m+2) m+2 "’

and
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w2 1 m+4 2 (m+2)z m+4 m+4 m+4 3m+8 m+4 )
T.'O=e [2¢(2(m+2)’m+2’z)+ s P am+yme2? )t 1 P 2miy me2”

(A2 (ma2), 2 s s mA4 m+4 ) m+2 o 3m+8 2m+6
‘( 41) ( 4 )k ‘ ¢(2(m+2)’m+2’z) 8 z‘p(z(m+2)’m+2’zj]'

Then, in terms of Lemma 2 and the expressions derived above, by the analyticity of the confluent hypergeo-

metric function @(a,c,z),one has

m+4  mm+1) 3m+8 _ 3m

T, (t)|<Ckz<m+z, Am+2) T, ,,(t)|<Ck2(m+2) WD (18)

Note that the functions ¢ (x) , i (x)and f(z,x)are third order continuously differential with respect to their
variables, then integrating by parts with the conditions(3)—(5) ,one has

©,= —%J'Oﬂ gp(3)(x)cos(kx)dx ,
f " (x)cos(kx)dx,

fi0)= _% [0 f (. x)cos(hx)dx
Hence,the estimates satisfy

o, < Ck | o)

W < CE|w@) |, 10 < k| £, - (19)

In terms of the above analysis(17)-(19) ,we conclude the following estimates of the coefficients in(16).

Lemma 3

m(m+l) ,+4

-3
JO=0C"TET (le@)]),
3m 3m+8

A0 = 06" K" el

4,01 = 0 ()

);

3

mm+1) 4

A0 = 0G| )] ). 1, 0= 0™ K" e 1)

%m 3m+8 _

A0 = 06" K" |l 2

m +3m+4 m+4

Jex)]) 4 0=06 2""*’||ftx||)

IA,,(t) = Otk

Sm+4  3m+8 _

|Ak3"(lf)| — 0(t2(m+2)k2(m+2)

)
mim + 1 ned

)40 =00 K e

A, = 00| £ 2.%)

"5m 3 +8

A 0=00""" k" ||ftx>||

Based on Lemma 3, by direct computation with the estimates of the confluent hypergeometric functions,

we derive
Lemma 4
.20 < CE (|00 )
D, 1, x)|<Ck2<””> (||qo(x)||3+||¢f(x)|3 )-
Jmt8 g
IDu, < k™ ((le@], + [l +[| fE]).
Note that 22;-:_42) and ?;m +§) <2 for positive odd number m, then the estimates given in Lemma 4

imply that the function defined in(9)is the C* solution of problem (1) and satisfies the estimate (6). Then, we
complete the proof of Theorem 1.
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3 Proof of Theorem 2

In this section, we construct a counterexample to show that if ¢ (x)is prescribed on the line 1=t,<0, the other
conditions are given as in Theorem 1, then the solution could not be guaranteed to small if the Dirichlet data is
prescribed arbitrarily small.

Given the function

w(t,x)=v(t)sin(kx), (20)
where v(¢)is a solution of the ODE
v"(1)+k1"v(1)=0. (21)
Then the calculation in section 2 implies that u(t,x)is a solution of the homogeneous Tricomi type equation
A%ult,x) = 1" ut,x)=0. (22)

Consider a particular function,

2m+2)"m+2" m+2
U(t)= V(k’t) = 2k m+2 m+2 (23)
e,n+z’T ( m m 4ik T

:'2 <
dm+2) m+2 m2 ) t=1y",y<0,

_ 2k m+2 : m+2
e m+2 2 1],( m m 41k ! 2 j’ t=iy2,y>0,

where ¥(a,c,z)is defined in Lemma 1, whose asymptotic(page 278 of reference [ 12 ])for largelzl satisfies

_ : 1\ (a)n(a_c-l- l)n —a-n —a-N-1
‘I’(a,c,z)—;( v e F6 1% LA C A (24)
with N=0,1,2,---, —% m<argz< % a. By(24)for large k and fixed 1o, it is easy to verify
lolt,) = 1V (ko) = Ok ™). (25)
Now we define
w(t,x)=V(k,t)sin(kx). (26)

By direct computation with the transformations used from (12)to(14) , it is easy to verify that the function
(26)satisfies(22)in 2,={(t,,0)x(0,7) :1,<0,1,>0} and the boundary conditions
u(t,0)=ult,m)=0,1€lt,t]
and for xe[ 0,1 ],
o(x)=ult,x)=V(k,t;)sin(kx), (27)
W (x)=u(to,x)=V(k,to)sin(kx). (28)
Then, the functions ¢ (x)and ¢ (x) can be made arbitrarily small on the boundaries t=t, and t=t, respectively

as k become into positive infinity. But in the interior of the domain £2,, for =0,

"ata)

m+4
F[Z(m + 2)}
Note that the function u(t,x)defined in(26)is uniformly bounded in £2, with respect to k. But(29)shows that

")

m+4
F(Z(m+2)j

and ¢(x). This imply that the solution is not continuously depended on the data, hence we conclude it unstable.

u(0,x)= sin(kx) . (29)

w(t,x) can arrive in the interior of the domain {2 no matter the smallness of the given data o(x)

Finally,we complete the proof of Theorem 2.
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