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Majorana Fermion in a System of One

Dimensional Magnetic Atomic Chain
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Abstract ; For a model of one dimensional magnetic atomic chain in both a helical magnetic field and a transverse uniform
magnetic field,we calculate its energy spectrum by solving Bogoliubov-de-Genes equation selfconsistently in the mean
field approximation. We find that for a certain parameter setting, energy spectrum evolving with amplitude of helical
magnetic field,appears Majorana fermion eigenstates. We calculate local density of states,and find that the local density
of states for Majorana fermion shows peaks at the both ends( or at middle) of the magnetic atomic chain. We calculate
wave function,and its spatial distribution agrees with local density of states.
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") which is a particle of the same as its own antiparticle, has been attracting great

Majorana fermion
attention. Firstly ,because of Majorana fermion being connected with topological phase concept,secondly because of
its topological character,it provides a platform of potential application in topological quantum computing and quan-
tum storing'>™*'. So experimentally and theoretically search for physical system of Majorana fermion has been a very
hot research topic. The purpose of all these researches is to generate a topological superconductor,so that the Majo-
rana fermion appears as a single excitation at the boundary.

Recently , Majorana fermion has been studied for a model of an atomic chain in a helical magnetic field in

1377) "and the result shows that at a certain parameter setting, the Majora-

close proximity to a s-wave superconductor
na fermion is localized at the both end of the magnetic atomic chain. This is a spatially uniform system, after a
gauge transformation ,the Hamiltonian of the system will become an invariant form for space displacement. In this
paper we modified this system by adding a new Zeeman term in the original Hamiltonian ,which corresponds to a u-
niform magnetic field & perpendicular to the atomic chain being applied to the original system. Because of the new
Zeeman term,the system is nonuniform spatially ,we will study the structure of the Majorana fermion for the system

of h#0.

In this paper,we get the system eigenenergies and eigenvectors by numerically solving BAG equation,and then
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we study the birth and the localization in space of the Majorana fermion by calculating the spatially resolved local
density of states and wave function. The structure of the paper is as the following,the Model and theory is in section

1,the result of numerical calculation and discussion is in section 2,the summary of the paper is in section 3.

1 Model and Theory

Consider a N-atom atomic chain in a helical magnetic filed or magnetic structure. The magnetic filed at site n
is B, =B,(cosnfe, +sinnfe, ) ,where 6 is the angle made by the magnetic fields at the adjacent sites of the atomic
chain ,the whole atomic chain is in proximity to the surface of a s-wave superconductor,and in the transverse direc-
tion of the atomic chain a uniform magnetic field h is applied. The Hamiltonian of this magnetic atomic chain in

mean field approximation is given by

H:tx z (c::ucn+la+h"c')_l‘l’ z c:acnu-l- z (En.;)dEC;ﬂcHBJ’- 2 A(n’)(c:ﬁc;i-’-hc)-’rh z C:a(O'z)(mC"u, (1)
noB n

no no no

where ¢, is the jumping amplitude for electron between two adjacent sites,u is chemical potential ,A(n)is the su-
perconductor pairing potential or order parameter at sit n,h is the weak uniform magnetic field for tuning system en-

. . . . . . i . .
ergy spectrum. ¢, or c,, is the operator to creat or annihilate an electron of spin « respectively at site n,0 is pauli

matrix vector,and h.c. stand for complex conjugate. By introducing Nambu spinor representation ¢, = (¢, ,c,| ,ci| ,

—ci+ )", then Hamiltonian( 1) can be written as BdG form,i.e. H= z W Hp; ,where H, is the BdG Hamiltonian
i

at site 1,which can be written as

K=y, Bysinits, A(i)3, 0
Bysinibs,  K;+y; 0 A(i)6;
Hie = A(i)8; 0 —K,~y; B,sini6s; |’ (2)
0 A(i)d;  Bysinid; -K;+y;

where K=t (8, ;+0,, ;) 10, ,v;=(h—B,cosif)d,. This is a 4NX4N matrix, whose energy eigenvalue &, and ei-
genfunction ¢, (i)= (u,( T ,i),u,( | ,i),v,(L,i),0,(1,i))", fori=1,2,-+ N,is determined by eigenvalue e-
quation

Hyp,=¢4,, (3)

and boundary condition. In mean field approximation the order parameter at site i takes the form'®

D=0y 3 1l Tl G bbb G 1T LG Tl Gy DG L G

n,0<e,

(4)
and the mean number of electron at site i is
= Y <ches= Y (o, TP+, L)17)+
[¢3

n,e,>0

> AL, Gy DY Pl G, L)1) =Clo, G, 1) Pl G, L)1) T, (5)

n,e, >0

where £, =1/(1+e"”**") is the Fermi distribution, T is temperature in Kelvin. The total number of electron is

N
N= Y, <n>, (6)
i=1

including spin up and spin down electrons. To determine eigenenergy, eigenfunction, order parameter,we need to
selfconsistently solve eigenvalue equation (3)with(4)—(6). In this paper,we deal with the case of temperature

T=0,then the order parameter and the mean number of electron in site i are given by

AG)=(Uy2) Y Lu,(i, Do) G, L)+, Gy D)oy (G, TH T, (7)

n,0<e,

<n>= > (lu,(i, 1) P+l (i, L)17). (8)

n,e,>0

Special case:h=0 and A(i)=A,,a constant. The Hamiltonian in(1)can be transformed into spatially unform
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form by a gauge transformation. The topologically nontrivial region of the parameter set is given by

(12t,cos(60/2) 1=l ) *+A; <By<./ (12t,cos(0/2) | +lpl ) +A; (9)

where Majorana fermion corresponds to &, =0. As |hl| #0,Hamiltonian in(1)is nonuniform in space,and the non-

trivial region of parameter set can not be obtained analytically.
In this paper we deal with open boundary condition with and without the middle magnetic domain wall ,and at
the magnetic domain wall we replace 6 by —6. We have also studied under the periodic boundary condition, and

found the result has no significant changes.

2 The Result of Numerical Calculation and Discussion

We first study the character of the Majorana fermion as the order parameter A and chemical potential w are
constants , then we study the influence of nonuniform A(7)on the result of Majorana fermion by doing selfconsistent
calculation. In calculation,we choose the number of site N for the atomic chain according to the angle 6,so that the
magnetic field at the both ends of the atomic chain points to the same direction.

2.1 Energy Spectrum and Wave Functions

For a one-dimensional magnetic atomic chain with
magnetic domain wall in the middle ,the parameter set is
chosen as A;=1.0,t,=1.0,u=2.5,h=0.1,0=7/2,and
length of the chain is chosen as N=381 sites. For every
value of B in the interval[ 1.0,4.0] ,we diagonalize the
4Nx4N BdG Hamiltonian matrix(2) ,we get 4N energy

eigenvalues and 4V eigenvectors. In open boundary con-

dition , the energy spectrum is shown in Fig. 1. For B, in
the interval[ 1.486 6,3.996 8] ,we can see that there

exists eigenstates whose eigenenergy £, =0, and these

eigenstates are Majorana fermions. The interval for the
existense of Majorana fermion in the case of h=0.1 is Fig.1 The evolution of the energy spectrum with magnetic field
very close to the interval [ 1.476,4.039 ] calculated from amplitude B, for a one dimensional magnetic atomic chain
(9) for the h=0 case. For Majorana fermion at Bo =2.1 s with magnetic domain wall in the middle. The parameters

g,=0,shown in red dot in Fig. 1,we calculate its wave are:40=1.0,£, =1.0 4 =2.5,h=0.1,0=72,

function u”( T ,i) , "( i L) , n( T L) , ”( »L L) the the length of the chain N=81
result is shown in Fig. 2(a—d). We can see that the amplitude of the wave function concentrates on the both ends
and the middle of the atomic chain. In Fig. 3, we show wave function for the same magnetic atomic chain without
magnetic domain wall in the middle,the amplitude of the wave function concentrates on both ends of the magnetic
atomic chain. This is similar to the previous result for the 1-dimensional magnetic atomic chain without uniform
magnetic field,h=0.
2.2 Local Density of States and Total Density of States

In this subsection,we study the space distribution of density of states( DOS) ,which is called local density of
states( LDOS) and is defined as

p(e,i)= Y lu(i,0)’8(s-¢,)+v,(i,0)1°8(s+e,)=

n,o

S [lu,Gi, 1) 1P+lu,(iy L) 12]6(e=e,) +[ 1o, (i, 1) 1P+10,(i, L) 12]6(s+e,), (10)

p(&,1)is a function of energy and space position,and the total density of states( TDOS)can be written as

p.(&)= —[2 lu(i,o) 1%8(e —&,) +l v (i,0) 1%8(e +¢&,)], (11)

n,o, i
i.e.,the arithmetic mean of local density of states,a function of energy only. In numerical calculation, we
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Fig.2 Wave function of Majorana fermion for a magnetic atomic chain with a magnetic domian wall in the middle at B,=2.1,

i

and here u(i, T )=u, ,u(i, | )=u,,v(i, 1 )=v,,v(i, | )=v,. The parameters are same as those shown in Fig. 1
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Fig.3 Wave function of Majorana fermion for a magnetic atomic chain without a magnetic domain wall in the middle at

B,=2.1,and here u(i, T )=u, ,u(i, | )=u,,v(i, 1 )=v,,v(i, | )=v,. The parameters are same as those shown in Fig. 1
replace 6 by a Lorentz function. For parameter setting h=0.1,:, =1.0,A=1.0,u=2.5,0=7/2,N=81,and B,=2.1,
the local density of states for a Majorana fermion and the mean number of electrons on each site are shown in Fig. 4
(a—=d)for the magnetic atomic chain with magnetic domain wall in the middle. Fig. 4(a)shows the local density of
states p(&,i)in a 3D-plot; Fig. 4(b) shows the local density of states p(&,i)in a 2D contour plot; Fig. 4( c¢) shows
the local density of states for Majorana fermion p(&=0,i) ;Fig. 4(d) shows the mean number of electron on each
site of atomic chain<n(i)>. We can see from the Fig. 4 that the Majorana fermion is localized at two ends and mid-
dle for the magnetic atomic chain with magnetic domain wall in the middle. The mean number of electrons on each
site of the atomic chain is around 1.5. In Fig. 5(a—d) we show the result for the same magnetic atomic chain without
magnetic domain wall in the middle,then we see density of states for Majorana fermion is peaked only at both ends

of the magnetic atomic chain.
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(a)3D plot of the LDOS p(&,i) ;(b)2D contour plot of LDOS; (¢ ) Distribution of LDOS for the Majorana fermion along the chain; (d)
Average number of electrons on each site of the chain. The parameters are:h=0.1,1, =1.0,A=1.0,u=2.5,0=n/2,N=81,B,=2.1.
Fig.4 LDOS and average number of electrons on each site of the one dimensional

magnetic atomic chain with the middle magnetic domain wall
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(a)3D plot of the LDOS p(&,i) ;(b)2D contour plot of LDOS; (¢) Distribution of LDOS for the Majorana fermion along the chain;
(d) Average number of electrons on each site of the chain. The parameters are:h=0.1,7, =1.0,A=1.0,u=2.5,0=w/2,N=81,B,=2.1.

Fig.5 LDOS and average number of electrons on each site of the one dimensional magnetic atomic chain

without the middle magnetic domain wall
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2.3 The Self-consistent Result

As the order parameter A (i)is space position i de-
pendent ,we calculate the energy spectrum and local den-
sity of states by selfconsistently solving the eigenvalue e-
quation (3 ) with equations(7)and (8). For parameter set
h=0.1,t,=1.0,u=2.5,U,=4.0,0=m/2,N=281,the sell- . “”I““I
consistently calculated energy spectrum is shown in il l[ A “ mm
Fig. 6,the Majorana fermion region can be seen,is still
there, but the interval is shorten. The local density of
states and mean numbers of electron on each site for Ma-
jorana fermion at B,=1.57 are shown in Fig. 7(a—d) and

Fig. 9(a—d). By comparison with Fig.4(a-d) ,we find

the main characters are same,but peak position for self- Fig. 6 The evolution of the selfconsistent energy spectrum with

consistent result moved inside a little bit. We calculate magnetic field amplitude B, for a one dimensional magnetic
the selfconsistent wave function for Majorana fermion ,and atomic chain with magnetic domain wall in the middle.
the results are shown in Fig.8 (a—d) and Fig. 10 (a- The parameters are:U, =4.0,7,=1.0,4=2.5,h=0.1,

. =m/2 he I h of the chain N=81
d). The amplitude is significiently large at both ends for 6=w2,and the length of the chain N=3

magnetic atomic chain without magnetic domain wall, and significiently large at both ends and middle for a

magnetic chain with magnetic domain wall in the middle. This agrees with the result of local density of states.
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(a)3D plot of the LDOS p(&,i) ;(b)2D contour plot of LDOS p(&,i) ;(¢) Distribution p(£=0,i) of LDOS for the Majorana fermion along the
chain; (d) Average number of electrons on each site of the chain. The parameters are:h=0.1,, =1.0,u=2.5,U,=4.0,0=m/2,N=81,B,=1.57

Fig.7 Selfconsistent LDOS and average number of electrons on each site of the one dimensional magnetic

atomic chain with the middle magnetic domain wall

3  Summary

In mean field approximation, and by numerically solving Bogoliubov-de-Genes ( BdG ) equation, this paper
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Fig.8 Selfconsistent wave function for Majorana fermion for one dimensional magnetic atomic chain with the middle magnetic

domain wall. Here u(i, T )=u, ,u(i, | )=u,,v(i, 1 )=v,,v(i, | )=v,. The parameters are same as that in Fig. 7
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(a)3D plot of the LDOS p(&,i) ;(b)2D contour plot of LDOS p(&,i) ; (¢) Distribution p(£=0,1) of LDOS for the Majora-
na fermion along the chain;(d) Average number of electrons on each site of the chain. The parameters are:h=0.1,7, =1.0,u=
2.5,U,=4.0,0=m/2,N=81,B,= .57
Fig.9 Selfconsistent LDOS and average number of electrons on each site of the one dimensional
magnetic atomic chain without a middle magnetic domain wall
studies the birth ,and the localization in space of the Majorana fermion in a one dimensional atomic chain in helical
magnetic field,and a uniform magnetic field h which is perpendicular to the atomic chain. Studies find that at a
certain parameter setting,the evolution of the energy spectrum with helical magnetic field amplitude B, appears the
zero energy eigenstates ,which corresponding to the Majorana fermion. We calculate the local density of states,and
find that the local density of states for the Majorana fermion has two peaks on the both end of the magnetic atomic
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Fig. 10 Selfconsistent wave function for Majorana fermion for one dimensional magnetic atomic chain without a middle magnetic

domain wall. Here u(i, T )=u, ,u(i, | )=u,,v(i, 1 )=v,,v(i, | )=v,. The parameters are same as that in Fig. 9

chain. When a magnetic domain wall is applied at the middle of the maqgnetic atomic chain,the Majorana fermion

shows peaks at both ends and the middle of the magnetic chain. As the order parameter is a function of space coor-

dinate ,we do selfconsistent calculation,and find that by comparing with the result of nonselfconsistent calculation,

the energy spectrum and the shape of the local density of states are changed a little bit,but the main character does

not change.
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