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Abstract: We consider the complex chooser option pricing problem when the stock price follows a continuous generalized
exponential Ornstein-Uhlenbeck process model. We suppose that risk interest rate ,the expected return rate and volatility of
the stock price are functions of time. We adopt the martingale approach to price the complex chooser option,the analytical
pricing formula of the complex chooser options is derived. We also give the actuarial methods for pricing the complex
chooser option and we derive the analytical pricing formula of the complex chooser options. Some conclusions are also given.
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1 Martingale Approach to Complex Chooser Option Pricing

We assume the complex chooser option with the chooser time T and the underlying assets price is S(¢) at time
t. The call option price with maturity at time 7, and strike price K, is C;, 4 (2,5(¢)) at time ¢,the put option price
with maturity at time 7, and strike price K, is Py, (¢,5(¢)),T<min(T,,T,) ,then the pricing of the complex

chooser option is'"

h(T,S(T))=max(Cy,  (T,5(T)), Py, ,(T,S(T)). (1)
The stock market is described by a probability space(£2,.7, (.7) .-, ,P) equipped with the natural o- filtration
of a standard motion {B,,0<¢t<T/| ,indexed on the time[0,T].
1.1 Preliminary knowledge
Lemma 1'”  Let the calll options with maturity time is T, =T and strike price is K, ,let the put options with
maturity time is T, =T and the strike price is K,. Then there exists a certain S* >0, such that C; , (T,S" )=
P o (T,87)
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From Lemma 1,The payoff(1)of the complex chooser option with the chooser date T is given by
h(T,S(T))= CTI,K]( T,5(T) )];s(r)as*} +PT2,K2( T,5(T) )I«}S(T)<S*i s (2)
where the I, is indicator function.
Theorem 1*'  Let (B,),., be a standard Brownian motion build on a probability space (Q,.7,(.7),-,,P)
and let (.7),., be its natural filtration. Let {A,,=0} be an adapted process,with respect to the filtration .7, such

T
that E"[ exp | f ?)\fds% ]<oo ,where E”(+) is expectation under P. We denoted Rondon-Nikodym derivative
0

7 =exp| - fo )\SdBS—% jo Aldsl<w, YO<i<T,

then Z, is a continuous .7 -Martingale. So we can construct a equivalent martingale measure P, such that P(A)=

E,(1,Z,),YAe.7 from Girsanov theorem B, =B, + J’;/\s ds,0<¢<T,is a standard .Z-Brownian motion under P.
Let M is a continuous .7 -local martingale, (0,),, is .7 adapted process,satisfying

T 1
Ep[f a’fds]<oo,<M>(t)=f olds, VYO<:<T.
0 0

So we have martingale representation theorem as follows.

Theorem 2 Let o, #0,P-a.s. Y 0<¢<T,then there exists a standard .7-Brownian motion (B, )., ,then
M such that M(t)zM(O)+f oydB,,VO<t<T.
0

Theorem 3 Let X~N(u,,0%),Y~N(u,,07) ,then
X [-awxﬂfi ~b,+Cov(X,Y) )
’p ’

X _ oyt
E(e I(Xau,y’ab} )_e M

’

oy oy

where Cov(X,Y) is the covariance of X,Y,p is the related coefficient X, Y ,M(+,-,-) is bivariate normal joint dis-
tribution function of a random variable.

1 AR u’ =2puv+v’

R

2m/1-p° = 2(1-p7)

1.2 The martingale pricing for complex chooser option

M(x,y,p)= fdudv.

We consider a continuous time of financial market, given a probability space (Q,.7, (.%),2,,P) equipped
with a filtration ,we assume a financial model consisting of two risky underlying assets ,namely a bank account and a
stock. We shall assume the stock S(z) follows a continuous generalized exponential Ornstein-Uhlenbeck process

dS(t)=S(t)[ (u(t)—alnS(t) )di+o(t)dB(t)],S(0)=S. (3)

The bank P(t) follows:

dP(t)=P(t)r(t)dt,P(T)=1, (4)
where S>0, ((B,)y<,<;) denote a Brownian Motions on ({),.%7, (.%),.,, P). We suppose that the stock
appreciation rate is w(¢) and the volatility is o(z). The market interest rate is r(z). w(¢) ,0(t) ,r(¢) are satisfied

T T T
as fo,u(z)dt<oo ,foaz(t)dmoo , J()r(t)dt<w.

Now ,we give the martingale pricing formula for Complex chooser option.

Theorem 4'*)  We assumed that the stock price follows a continuous generalized exponential O-U process

wu(t)-r(t)—alnS(t)
o(t)

of the Complex chooser option at time ((0<<t<T) is

model (3) ,let 0(¢t)=

1 (7
and such that Ep[exp{?f 0*(s)ds} ]<eo ,then the martingale pricing
0

CCO(t)=S(t)M(a,,b,,p,)—K,exp{- fT] r(s)ds} M(a,,b,y,p,)=S(t)M(-a,,~b;,p,)+

t

T
Kyexpl= [ r(s)dsiM(=ay,~b,p5) ,

t
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where

X= f{TJ(s)dW(s),Y= flo(s)dW(s),Z: f{rza(s)dW(s),

T h B
o= f Uz(s)ds,0'2y=f a'z(s)ds,a'i=f a’(s)ds,

a, =(:X(ln SS(i)+j[Tr(s)ds+%o'§) ,a2=0}x(ln i(—i)+ fjr(s)ds—%cri),
bl=(:y(ln Sl(é)+f[rlr(s)ds+;0'f,) ,bz=(71y(1n Slif)+ftﬂr(s)ds—;af,),
53:;(111 Sg)+ f?r(s)ds+éa’é) ,b4:01Z(ln SIZ)+ szr(.s)ds—%a'é) ,
pi= = WD=B+ [ oG)ds

Proof We assumed that the stock price follows a continuous generalized exponential O-U process model (3) ,let

u(t)=r(t)=alnS(t)

0(t)= o (1)

, 1
,such that E” [ exp | > j 6*(s)ds| ]<oo ,there exists an equivalent martingale measure Q
0

d 1 T
satisfying Radon-Nikodyn derivative £ |F,=exp] — f 6*(¢)de- f 0(t)dB(t)} <o ,such that the discounted stock
0 0

price process S” (1) on a probability measure Q is the martingale process,S” (1)=S(t)exp{— f r(s)ds|.Let W(t)=
0

t
B(t)+ f 6(s)ds,according to Girsanov theorem'™ ,W(¢) denote an independent standard Brownian Motions on a prob-
0

ability measure Q,(3)can be written as
dS(t)=S(t) (r(t)dt+o(t)dW(21)).
We can obtain that the stock price at time ¢,T,T,,T, are:

S(1)=Sexp J: (r(s)—%a’z(s))ds+ J; o(s)dW(s) .

S(T)=S(t)exp| f’ (r(s)—%a’z(s))ds+ fj‘a(s)dW(s)}.
h 1 ) h

S(r)=SWesp! [ (1) 0*())dst [ () dW(s) .

S(T,)=S(1)exp| fT (r(s)—%a’z(s))d.ﬁ f[Tzau)dW(s) 3

(5)

(6)

(7)

(8)

(9)

From(2) ,then the martingale pricing of the complex chooser option on :(0<<t<<T') on a probability measure

QiS:

Q

T
CCO(t)=E0{ eijtr(x)ds [CT],KI(T’S( T) )]iS(T)BS*}+PT2,K21ﬁS(T)<S*} ] |7:} =
T T,
EQ{ e_jfr(s)ds {EO[ e_f”'lr(s)(k (S(Tl)_Kl)IiS(T])zKIiI{S(T)BS*E+
- Tzr s)ds az a
€ f"' (1 (Kz_s( Tz))IiS(T2)<K2$I§S(T)<S*'; ] |/j(t€ |/¢§ =
- Tlr S S

EQ{[ e f' ) (S(Tl)_Kl)[{S<T>>s*,5(rl)>1<,»+

- Tzrs‘ s 7
e fr ($)d (KZ_S(TZ) )I\}S(T)<AS'*,S(T2)<K21‘ } l%t} -

T T
- (s)ds Vvl - s)ds
E°{S(T)) e f,, " Liscnsse scry=k |71 -E° K, e f,, o Lisinsse scry=k

71~

O

. T
0 —[2(s)ds e 0 - 2r(s)ds 7 =
E°{S(T,) e f’ I;S(T)<S*,S(T2)<K2:» |7 +EY K, e j‘ ]{S(T)<S*,S(T2)<I<2$ A
D,-D,-D,+D,.

We denote that the joint distribution function of two dimensional standardized normal random variables is
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o u’ =2puv+v’
j exp| ————

1 v
M(x,y,p)= — - l dudo.
2w/ 1-p° f"” o 2(1-p*)

Firstly we compute D, .D, ,from(7) ,

g
S(t)

S

* T 1 .
s(::)'f (r(s)= 0*(5) )ds,s0 X~N(0,0%) ,S(T) 25" X =C, ,from(8)we have

S(T)BS*@fja(s)dW(s)Bln —jj(r(s)—%az(s))ds,

We denote C, =In

gy K, G 1,
S(TI)BKI@L a’(s)dW(s)BlnS(t)—j[ (r(s) =5 @*(5)) ds,
i 2 L Kl i 1 2 2
note that Y= Jl o(s)dW(s),oy,= f{ o (s)ds,C,=1n S(t)_J: (r(s)—?a (s))ds,then Y~N(0,0,) and

S(T,) =K,&Y=C,. Therefore
T n
Cov (X, ¥)= EQXY)~EX-EY=E( [ o()dW(s)+ [ o(s)dW(s))=0?,

. Cov(X,Y) Oy
we obtain p, =———"=—s0
OxOy gy

T,
D] ZE%S(TJ eifflr(x)dé Ils‘(T)?S*,S(T])BKH IFJ =S(t)M(a1 ,b1 ’pl) ,

D,=E"{ Kle*f,T"““é Lisry=se scrp=k, |71 :Kle*ff"“)‘“ M(a,,b,,p,).

Now,we compute D, D, ,from(7),S(T)<S" <X<C, ,from(9)we have
KZ
S(t)

S(T,) <K, jT o (5)dW(s)<In —jT (r(s)—%oj(s))ds.

h h T 1
We denote Z=f U(s)dW(s),U?[:f o’(s)ds,C, =1 —f (r(s)—zaz(s))ds,then Z~N(0,0,)

K2
Y S(1)
and S(T,)<K,=Z<C,,So
T 15
Cov(X,2)= E(XZ)~EX-EZ=E( [ a(s)dW(s)- [ o(s)dW(s))=0?,
D, =E* {S( T,) e_ffzr(s)ds I{S(T)<S*,S(T2)>K2) |77§ =S(t)M(-a,,=b;,p,),

Cov(X,Z) _Ox

Ox0, o,

,
D, =Kze_f’2’(S)(ls M(=a,,=bs,p,) ,py=
From what we have been computed D,,D,,D,,D,,we can obtain the complex chooser option pricing at time
t(0<t<T) is CCO(t).
2 Actuarial Methods for the Complex Chooser Options Pricing

Under the actuarial methods"’ ,the complex option can be executed for the conditions of the call option at time
. ,J’T (s)ds ,fT. $)ds % .. . . . ,J’T 0)ds
Tise )PPV S(T)= e ."* §* be executed for the conditions of the put option at time T is e /”W*S(T) <

T
e_j['(“)d"S* . So,the revenue for the complex chooser option is
h( T’S( T) ): CTI,K]( T,S( T) ) ]¢e,j:b(_\»)(1_\»5(r) Zeff;rr(x)dxs* p ot PTZ»KZ( T,S( T) ) [:efJ'ITB(\')(l.\'S(T) <e*J'ZVI‘(\’)f|.\’S* |- ( ]0)
Now ,we give the actuarial methods for the complex chooser options pricing.

1
Definition 1 The expected interest rate f B(s)ds of the stochastic process {S(#),:=0} in the time interval
0

ES(t)
S5(0)

[0,t] is defined as exp | J;ﬁ(s)dﬂ =

. B(t) is continuously compounded interest rate of the S(¢) on time ¢,

and f;ﬁ(s)ds<oo .
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Theorem 5 We assume that stock price follows a continuous generalized exponential O-U process model
w(t)-r(t)—alnS(t)
o(t)

chooser option at time ((0<t<<T) is

CCO'(t)=S(t)M(a1',bl',pl’)—Klexp{—flnﬁ(s)ds —j:r(s)ds} M(al,bl.p])~

(2),let 6(1)=

, 1"
, satisfying E' {exp{zf 02(s)ds} } <o ,then the pricing of the complex
0

T T
S(OM(=af, =03 Koexp | = [ B()ds = [ r(s)ds] M(=at,=bp0),
where ,

T U

X'=e[ e ()dB(s) ,YV'=e ™ [ e () dB(s) ,
7

Zr:e—asz zeds(T(S)dB(S) ’(Tiﬂ:e—ZaTJ' 2as 2( )d?

1 h
2 _ 2T 2as 2 ~2aT 2as 2
oy =e "‘f e o’ (s)ds,o), =™ ZJ e o (s)ds,
t t

LTS 1
al:a'x,[ Sx Jr( )d5+(e (r T)—Zja'i,:|,

0= [1 &+Jr( )ds—lo';:',

oy S * 2

LT, S 0 1,7
b =— ds + ds + —oy
=k # [+ [ Beyds + o |

1 [, S h f 1,
by=—1In (t) +J r(s)ds + 1B(s)ds - ?a'zy ,

Ty | T t i

1 7. S h 1,
by=—"|1In (t) f r(s)ds + | B(s)ds +?a'; s

Oz L 2 t i
, 1 [ S(1) 2 1
b= |07 +f r(s)ds + fﬁ( )ds—jaz ,

1
J,B( Yds=[e™ " ~1]InS(¢)+e" ”Tj'e( [ﬂ(s)—zaz(s)}ds+20;,

Oy g
r — —a(T-t) X 1 _ _—a(Tr-T) X
pi=e"— pl=e —
(% ag,

Proof We assume that stock price follows a continuous generalized exponential O-U process model (2) , by

Ito formula,we can obtain that the stock price at time ¢ is:

S(t)=S""exp {e™ le'” u(s) —iaz(s) ds +e_“’fle'"a'(s)dB(s) ,
{ J‘0 2 0

so the stock price on chooser date T is

S(T)= SC_“(T_')(t)exp{e-arf e” ':/.L(S) —;Uz(s)}ds+e”f e“o(s)dB(s) } s (11)

a(T—t (7 1 | E—
ES(T)= $°" >(t)exp{e “TJ'Z em[ﬂ(S) —20'2(8)}(13 + e 2”Tf

t

e o’ (s )ds} ) (12)

The expected return at the time index set [,7T] is:

T T 1 1
f,B(s)ds=(e_“(T_'>—l)lnS(t)+e_“Tf e'”[,ud(s)—20'2(3):|ds+2e_2“Tj o?(s)ds.

t t

The stock price at the maturity date T, of the call option is:

S(T,)= Seﬂ”‘ﬂ)(t)exp{e_"'T‘f[Tl e” |:,u,(s) —;0'2(5):|ds+e_ﬂ‘fj] e“o(s)dB(s)}, (13)

t t

ES(T,)= ST (1) exp e fT] e” [,u(s) —%a’z(s) } ds+%efz"'T‘f Lo o’(s)ds!. (14)
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The stock price at the maturity date T, of the put option is:

~a(Ty0) ity [ s 1, ity [ s
S(T,)=S5° 2 (t)expie™ 2J1 e {,U«(s)—za (s)}ds+e ZJ e“o(s)dB(s)}, (15)

t

~a(Ty1) oty [ u I, I o (P w2
ES(T)=5"""(exple™™[ e [,u(s)—za'(s):|ds+ [T e (s)ds) (16)

t t
From( 10) , using conditional expectation of smoothness, insurance actuary pricing of the complex chooser

option at time t(0<t<T) is:

ds
CCO (t) E{ S(T ) € f o ] fﬁ(s ds§(T) =e~ j?(s Jdsg | ’f B(s) (]S(Tl)?t‘ f z-(s)dSKl] |//T} -
E% Kl exp{ - Jz B(S)ds_ J-T r(s)ds} I’ e’JTB(-\)"“S(T)Be’f”l"(-\)d“s* &’J‘;]B(")“"S(Tl)Be’f:l"(v“)ll\‘l(l; |7f;} -
-[PBsyas r r I . —~
E{ S( T,) e I, e—f[ﬁ(.\)d,vs(n <e—f[ F(5)dsg * ’e—sz;a(.\)d.;S(Tz) <e—jT2r(.\).|vK2;. |/,} +

’
E{ K,exp{- fl B(s)ds—| ;zr(s)ds . e—fjﬁ(.\)dxs(yv) <e—f;rr(.\v>‘1.\~5 . Yeff;:zﬁ(x)dxs(Tz) <e—j:2r(.\~)dx,<2;, |77} =
D!-D;-D.+D,.
Firstly ,we obtain D; D, ,from(11)and(12) ;

s

T T T 1 T S
e’jfﬂ(&)dy S(T) = e*J"r(s)ds S*@emTJ‘ e“O'(s)dB(s) BiethJ’ eZm 2( )d3+ln S( )

1 T
We denote C',ZEeQ”TJ e o0’ (s)ds+In ﬁ_j r(s)ds. Hence X' ~N(0,0%), andejB“d‘S(T)

T
eff, ‘WS* < X' =C/. From(13)and(14)we have

—f{T r(s)ds.

r r T 1 T T
e‘leﬁ(S)ds S( Tl) = e—ler(.s)rls KIQG_GTIJ ! e““a’(s)dB(s) Bge—ZGTlf ! eZas 2( )dS‘l'll’l f ! r(s)ds.
l ¢ T

S()

T T
—fﬁ(s)ds—jTlr(s)ds. Then Y’ ~ N (0,07 ), and

" K
Note that C',= > e_Z[‘T‘f o g (s)ds+In 0

t

T, T,
e JPPOUS (7)) et O% K oY =L Therefore
Cov(X',Y)=E(X'Y')-EX'-EY' =" " g2,
Cov(X',Y") —u(TrT)O-X
—=e¢ —.
OOy (%

From Theorem 3 and(13),(14) ,we can see that

we obtain p; =

. T T,
=S(1)M(aj b .p}) Di=K, e JFEOW O by o)

, ,
Then we compute D; D, ,note that o) pO S(T)< RUREERE X<,
From(15),(16) ,we have:

T, T, T 1 .3
e_frﬂ(“)d" S(T,)< e_jr'md“ KZQe_“TZJ e“o(s)dB(s) <Ee_2“T2J e a’(s )ds+ln

13

j B(s )ds—jT r(s)ds.

We denote

C;=%e_2"T2ftT2 e* 0 (s)ds+In ﬁ‘f B(s )ds—j r(s)ds.

Then Z'~N(0,07,) ,and e_j:zﬁ(“)ds S(T,)< e_f;?“"')d“ K,=Z'<C!. So Cov(X',Z")=e"""" g2, we obtain p}=
Cov(X',Z2") m(TTT)U;)(
oo, o,
From Theorem 3 and(15),(16) ,we have

S(t) I

E{ S(T, )ES(T ) | X'<Cy,Z2'<C3}

|71 =S(1)M(=aj, b ,p;),
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, ;—JTB(x)ds—fTZr(x)ds} " !
D;=K,e' " r M(-a,,=b,,p,).
From what we have been computed D;,D;,D;,D, ,we can obtain the complex chooser option pricing at time

t(0<t<<T) is CCO'(1)
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