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Permutation Polynomials over Finite Fields

Feng Yafang,Zhou Guangliang
(School of Mathematical Sciences, Nanjing Normal University, Nanjing 210046, China)
Abstract: Let p be a prime,m a positive integer,and F,. the finite field with p™ elements. A polynomial f(x) € F,n[ ]
is said to be a permutation polynomial over F, if it induces a permutation from F,n to F,n. This paper dedicated to the
permutation polynomial with the form (" —x+8)"+L(x) over finite field ,n. We obtain several kinds of permutation pol-

ynomials as mentioned above over finite fields F,n.
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EX1 LK=F, E=F, AR FEREN x e £, RATE L x £ K FRGERECH Ty (x) = x+2'+
X2 g SRR AT B BP0 R, T () R,

L K=F, E=F,, 5 RECH LT ILENERR .

(1) MTAEEN a,Bek,Tr,(a+B)=Tr(a)+Tr(B).

(2) MFEEMN aeE UM ceK, Try,(ca)=cTr(a).

(3) X FAEEMN aeK, Try, ()= na

(4) M FEEM ackE,Tr,,(a')=Tr(a).

I 17 WTALER b,ceF, Fon ERI TIREI o7 +ba+e=0 78 F,, WA E2S HALYS Tr(b/a”) = 0.

SIE2 Wa,e WIHIEEE,d=(a,e) ALY e/d HFFE (2°41,2°-1)= 1, e/d MEEET (2941,
20—1)=2"+1.

DI R 285 R e .

A m R W T A BRI F,, R ITER o, B =2

EE1 Woek, HhmZ2—1IEME,0#aeF,..H Tr(8/a*)=1,B4
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f(x)= (P +ax+6) " +x
B P, Li— B,
R HEENEW TR E M d e Fy, TR f(x) = (22 +ax+8) " 4" =d 16 F,, P A ME—1
fi. mHicS x A
922+ﬂ+5=(922+d)(x2+ax+5). (1)
Xt(1) BRI 272 R, 153
x*+ax+6=(x*+d) (> +ax+5). (2)
B8 Tr(8/a®)= 1, R A M5B 1 W1 &* +ax+8=0 76 F,, PICAR, WAL B «* +ax+6 0, [A R Hb
Tr(8/a>)=Tr(8/a>)= 1,7 +ax+d#0, (1) (2) HIFRFATHEI (> +d) (++d)= 1, L

¥ =1/(x*+d) +d, (3)
Sy —J7 T8, (2) AT LIS F
x+ax=(x+ax+8)/(x*+d) +6. (4)
(3) 5 (4) MauiAH A 45
P tax+b+l
ax=——+0+d. (5)
x+d
A (3) (5) ®ATH
(AP +d) +1Y) [ (& +ax+b+1) +(x+d) (6+d) |?
a( x’+d j_[ X +d } ’
ESi

[d(x*+d)+1] (& +d) = [ (&*+x+6+1) +(x”+d) (8+d) ]°.

faifknr 15

(1+48°+d*+ad) x* +(a*+a* ) x> + (8 +1+8°d* +d* d* +a*dd* +a*d) = 0.

BT Tr((148%) /a* )= Tr(8°/a* ) +Tr(1/a*) ,3F H a J& Fo . PINTEE B4 1/d® W F,,.. PEITEER T
1B ¢ € Fyun, Tr(e)= 0, L Tr(1/a*) = Tr(1/a*)= Tr(1/a*)= 0, Tr(8/a*) = Tr(8/a*) = 1. B 148 +d*+
ad#0,a J& F,., THICER ,a’+a’ =0. FATE (1) AME—IME () & F. ER—A- B2

EHE2 #6ek, HTr(8)=1,HF m=0(mod 4) , I AHH /& (2">-2)k=2""~1(mod 2"~ 1) K IE %
Bk f(x)= (&7 +x+8) " +x JE F,, LA— P E 20X,

IEBR e, MR FE(2m/2-2)k=2""~1(mod 2" 1) A f# 4 HAL Y (272 -2,2"~1) 12" 1. H Ky
m=0(mod 4) ,IrLA 2" -1 N&F4L B (272-2,2"~1)= (2™*"'=1,2"~1)= 22" 1. 3R &AL .
202t 12" — 1, RN (m/2-1,m) Im/2. H m=0(mod 4) 1% m/2-1 RN&FE, N (m/2-1,2)=1 H(m/2-
1,m/2)=1. TH5&(m/2=1,m)=11m/2. B} FaR[FR 5 RA . ZER] £(x) 2 B 20, AT H 75 2k
WX FAEEM d e F,,, i iR

f(x)= (" +x+8) +x=d (6)
TE F, PAME—RfE. BT (2" -2)k=2""~1(mod 2"-1) , HIt.(6) 1Lk
(P +x+8) 7" = (w4d) 2 (7)
T Tr(8)= 1,24 x=d ANEFFE(T) IR H 2 A0 "2 I8 AR (7) W] LIS AR
(B2 +x+68) (x+d)* = (x+d) (x> +x+5). (8)
XF 75 (8) P MERER T 272 YR R4
(2 +x+6) (22 +d*) = (x+d) (> +x+5). (9)
fL(8) F1(9) FyPIMIAHE , FoA 175 2
(x+d) (x+d)=1, (10)
I x+d=1/(x+d) , FA1H
x=1/(x+d)+d, (11)

(8) F(11) ML &1
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1 x+xtd 1 243+
Pt ——td+d = Sk

x+d Wad xrd (x+d)’
ES]i
x2:x2+x+3+(x+d)2+(3+8)(x+d)3 :x+5+d2+(g+8)(x+d)3‘ (12)
(x+d)’ (x+d)°
(11)5(12) Lk, g
x+8+d’+(d+8) (x+d)’  (dx+dd+1)?
(v+d)’ C (xd)?
TR LA
(d+d*+8) (x+d)* = (d*+d+5).
% y=x+d, N
Y= (d+d?+5) " (13)

H 312" -1 % w & F, I = RAR AR B4 (9) BBTARZ v, = (d+d*+8) *"" " 0’ Hrh i=0,1,2.
T W2 (10) JRATRNTA yy=1 MR vy, =1 I H oy, 5, = LD 0 <2 7. IBAEKANTA 0w=1,1
SR ' = 1L (S 32" . I E S AAAE—A y W (13) I H yy =1, I8 At RAFAE—A x i
FE(6).

EFE3 WoeF, HTr(8)=1,klm,m/k Z3E IRAX FAEREB L (2"+1)E' =1(mod 2"-1) AYIE
BRI aeF, YA f(x)= (ax2k+ax+5)k,+x & F,, E—AE Lot

ERA 4 a=0 B ARG, FIMBGE o #0. BT ged (k,m) =k, 3 H m/k 2350, ged (2" +1,2"-1)= 1.
Mo 2 2 Fy, R — AN EHREZTR, W TAEER d e F,, , FRATEIED f(x)= (ax® +ax+8) " +x=d 7E F,, P4
ME—BfE. BT Tr(8)= 1, X TFAN x € F, I ax™ +ax+820. JTHE f(x)=d M T

(ax2k+ax+5)k' =x+d.
LM T
ax™ +ax+8 = (x+d)2k+l.
il
M (dra) o (Y Ha) w+dP T +6=0.
KN aeF,, FiLIHRANTAE a® =a 1 +(d+a)x2k+( d+a) Y x+d® ' +6=0. ARZEMT
K +(d+a)x2k+( d+a) 2kac+(d+a) M =5+d” a+a d+a®.
Elll
(x+d+a) ¥ =6+d* a+a* d+a**".

T o2 2 F, FRYE B ZIR IS ALETEME—1 x e F, 00 2 PR TFE. B f(x) 2 F,., b —AN 8
L EEW

EIE4 KSek, H Tr(d)=1, % m M k¥ HEMEHE m/ged (k,m) B35, B 2% TAL = L
(2" 4+1) k' =2""2~1(mod 2"~1) MIEHEL k' LI RAEE a € Fpn  I9H f(2)=1/(ax® +ax+8)" +x & F,, I
) — B4 22 1 K

TERR Y a=0 B BART, R IR a#0. T m/ged(k,m) 2474, ged(2"+1,2"-1)= 1. AFAFKRA]
B F, FI— AN E 2R, X TSN d e F,,, BRATEIEY f(x)=d 15 F, AW —Rf# BT
Tr(8)=1, XTI A xeF,,. ,xzk+x+5#0. TR f(x)=d FHT 1/(ax2k+ax+5)k, =x+d.

P T

1/ (ax® +ax+8) """ = (x+d) ™. (14)

PR BT 272 4 1 IRFEA (x+d) VPPV = 1 | ged (2" +1,2"=1) = 1 A48 (x+d) ™' =1. T /&
=1/ (xtd) +d¥. (15)

HT x#d, IBAIRATHTTRE(14) (15) 1715
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om/2 om/2 om/2

ax” +ax+6= (x+d) " (ax® +ax+8) " = (x+d) ' @@ ((1/ (x+d) +d ) ¥ +(1/ (x+d) +d>" ) +(8/a) > ) =
2m/2

@ (erdr (xrd) P+ (ot d) 1 ((8/a) Y 4 ) ) = 02
&+ (ot d)? ((8/a) " +d T +d7 ).
WK a € Fp A o =a. {150 ER TR
(xt+d) ' = (8+ad+ad™) /(8" +a® d>"" +a” &) = (8+ad+ad” ) .
A FEE 6,0 Bl d, o™ R F,, LB T2 (14) 40— B SCRIE T f(x) 2
AL TR,
EIES K8,aekF,.,m,k,s HRIEEE WL ged(m,k)>1,5(2"=1) =0(mod 2"-1) , B4 f(x)=
(ax™ +ax+8)*+x Ji F, L H— A FHR LTI,
B 2 =0 BRI, TR o 0. T () A B8 20, 25 HALY 6T 2 1
dekl,,,

m/2 k
2 (x+d+x™ +

(ax2k+ax+5)s+x=d (16)
e P, PAME—f#. O R(14) A5 3
(ax™ +ax+6)" "V = (x+d)* ", (17)
P = (s(25-1))/(2"=1) , 24 ad* +ad+6=0 B, F7RE(16) I (17) #BA x=d (. WF x, #d HRETT T
(16) B—Mit IR 4 axg +axy+8 740, TR (17) BATA (x0+d) > = 1. IRLLFAEREA 04 a e F,, 15 x, =
d+o EERATFE(16) , KATH

(a(d+a)* +ad+a+8) +x=a. (18)
B o +a=0, /72 (18) b (¥ +d+8) *+x=a, I H.
xy=d+(d* +d+8)° =d. (19)

XSGR x, #Ad FFJE. FIIEXFIER T, FE(16) RA M x,=d. 24 d* +d+5#0 I, {15 », &0
FL(16) BI—Ait B4 xy 7~ d, I 22 +x,+8 0. BAVRERGEN] 2, =d+(d* +d+8) "1, IR TAE &
YHREN d, TR (16) FRAME—RUME , I f(x) 2 —A> B 2T

[ &% 30K ]

[1] CORRADA B C J,KUMAR P V. Permutation polynomials for interleavers in turbo codes[ C]//United States ; Institute of elec-
trical and Elestranics Engineers,2003:318-318.

[2] MULLEN G L. Permutation polynomials over finite fields[ J]. Finite fields, coding theory,and advances in communications
and computing,1991,95(3) . 131-151.

[3] LIDL R, NIEDERREITER H. Finite fields encyclopedia of mathematics and its applications [ M ]. Cambridge; Cambridge
University Press,1983.

[4] LIDL R,NIEDERREITER H. Introduction to finite fields and their applications| M |. Cambridge ; Cambridge University Press,
1986.

[5] BERLEKAMP E R,RUMSEY H,SOLOMON G. On the solution of algebraic equations over finite fields[ J]. Information and
control , 1967,10(3) :553-564.

[6] LI N,HELLESETH T,TANG X. Further results on a class of permutation polynomials over finite fields[ J]. Finite fields and
their applications,2013,22(3) ;:16-23.

[7] YUAN J,DING C. Four classes of permutation polynomials of F,n[J]. Finite fields and their applications,2007,13(4) ;869—
876.

[8] YUAN J,DING C,WANG H,et al. Permutation polynomials of the form(x”—x+8)°+L(«x)[J]. Finite fields and their applica-
tions ,2008,14(2) ;482-493.

[9] LIDL R,MULLEN G L. When does a polynomial over a finite field permute the elements of the field? [ J]. AM math mon,
1988,95(3) :243-246.

(T#% 17T W)
— 9 —



W, 55 R TR K S EBNE K]

[ %3k ]

HO S H,WONG Y D,CHANG W C. Developing singapore driving cycle for passenger cars to estimate fuel consumption and
vehicular emissions[ J]. Atmospheric environment,2014,97:353-362.

LIN J,NIEMEIER D A. An exploratory analysis comparing a stochastic driving cycle to California’s regulatory cycle[ J].
Atmospheric environment,2002,36(38) ;:5759-5770.

LV AR BRTGR. BTN T T T B A T B AU RS [D]. 14 AR 2011,33(1) 17073,

A5 BG U, ZF. FeTFE s iy BT E AT TOLR BTSR[], 9% T4 ,2011,33(3) :256-261.

ANDERSON T W. Asymptotic theory for principal component analysis[ J]. Annals of mathematical statistics,1963,34(1) .
122-148.

RV BT FPCA (83 sRECR MR AL 19 52 & 3 2 B A A TH [ 0], 1t PY IS R A7 24 4 ( A SRR , 2019, 33
(3):5-12.

YEUNG K Y,RUZZO W L. Principal component analysis for clustering gene expression data[ J]. Bioinformatics,2019,17(9) ;
763-74.

KORHONEN P,SILJAMKI A. Ordinal principal component analysis theory and an application[ J]. Computational statistics &
data analysis, 1998,26(4) :411-424.

FIZE. ZARPRER G WP Y S o A B S SR T ] BRI 242440 (AR ,1998,26(2) :105-106.
XUSE W 5w )1 BEr S0, SRR K BERIIIL[T]. RE TRIIEE I, 2005,25(6) :54-58.

i e, TLL5S. FET TRl K-means ISR 23 3000 S 2 PEPFA [ 1], RS TR 525412, 2016,47(3) - 384~
388,404.

DING C,HE X. K-means clustering via principal component analysis[ J]. Applied and computational mathematics,2004,1;
1-8.

[ RESREE : BEIAHT]

(EBEF9W)

[10]

[11]
[12]

[13]

[14]

[15]

LIDL R,MULLEN G L. When does a polynomial over a finite field permute the elements of the field? [J]. AM math mon,
1993,100( 1) :71-74.

BALL S,ZIEVE M. Symplectic spreads and permutation polynomials[ M ]. Berlin ; Springer,2004.

ZENG X,ZHU X,HU L. Two new permutation polynomials with the fonn(xzk +x+8) +x over F,n[J]. Applicable algebra in
engineering communication and computing,2010,21(2) :145-150.

HOU X. Permutation polynomials over finite fields—a survey of recent advances[ J]. Finite fields and their applications,
2015,32(1) :82-119.

ZHA 7 ,HU L. Two classes of permutation polynomials over finite fields[ J]. Finite fields and their applications,2012,18(4) ;
781-790.

TU Z,ZENG X,JIANG Y. Two classes of permutation polynomials having the form(x*" +x+8)‘+x[ J]. Finite fields and their
applications,2015,31(1) ;12-24.

[ REMIE  BhIAHT ]



